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ABSTRACT

In this paper we consider a possibility to increase density of bipolar heterotransistor framework an ampli-
fier due to decreasing of their dimensions. The considered approach based on doping of required areas of
heterostructure with specific configuration by diffusion or ion implantation. The doping finished by opti-
mized annealing of dopant and/or radiation defects. Analysis of redistribution of dopant with account re-
distribution of radiation defects (after implantation of ions of dopant) for optimization of the above an-
nealing have been done by using recently introduced analytical approach. The approach gives a possibil-
ity to analyze mass and heat transports in a heterostructure without crosslinking of solutions on interfaces
between layers of the heterostructure with account nonlinearity of these transports and variation in time of
their parameters.
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1. INTRODUCTION

In the present time an actual question is decreasing of dimensions of solid state electronic devic-
es. To decrease the dimensions are could be increased density of elements of integrated circuits
and decreased dimensions of these elements. To date, several methods to decrease dimensions of
elements of integrated circuits have been developed. One of them is growth of thin films struc-
tures [1-5]. The second approach is diffusion or ion doping of required areas of samples or
heterostructures and father laser or microwave annealing of dopant and/or radiation defects [6-8].
Using of the above approaches of annealing leads to generation of inhomogenous distribution of
temperature and consequently to decreasing of dimensions of elements of integrated circuits.
Another approach to change properties of doped materials is radiation processing [9,10].

In the present paper we consider circuits of an amplifier [11] (see Fig. 1). Based on recently for-
mulated recommendations to decrease dimensions of single transistors (both bipolar and field-
effect) [12-17] we formulate recommendations to increase density of bipolar framework the con-
sidered circuits. We assume, that the considered circuits were manufactured framework the con-
sidered in Fig.1 heterostructure. The heterostructure consist of a substrate and an epitaxial layer.
The epitaxial layer includes into itself several sections, manufactured by using other materials.
These sections were doped by diffusion or by ion implantation to generate required types of con-
ductivity (n or p) in the required materials. Framework this paper we analyzed redistribution of
dopants during annealing of these dopants and/or radiation defects to formulate conditions,
which correspond to decreasing of the considered circuits.
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Fig. 1. Structure of inverter [11]. View from top on epitaxial layer

2. METHOD OF SOLUTION

To solve our aims let us determine spatio-temporal distributions of concentrations of dopants.
The required distributions we determined by solving the second Fick's law [9,10,18,19]
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Boundary and initial conditions for the equations are
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In the Eqgs. (1) and (2) the function C(x,y,z,t) describes the spatio-temporal distribution of con-
centration of dopant; the parameter D¢ is the dopant diffusion coefficient. Dopant diffusion coef-
ficient will be changed with changing of materials of heterostructure, heating and cooling of
heterostructure during annealing of dopant or radiation defects (with account Arrhenius law).
Dependences of dopant diffusion coefficient on coordinate in heterostructure, temperature of an-
nealing and concentrations of dopant and radiation defects could be written as [10,18]
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Here function D, (x,y,z,T) describes dependences of dopant diffusion coefficient on coordinate
and temperature of annealing 7. Function P (x,y,z,T) describes the same dependences of the limit
of solubility of dopant. The parameter yis integer and usually could be varying in the following
interval y€[1,3]. The parameter describes quantity of charged defects, which interacting (in av-
erage) with each atom of dopant. More detailed information about concentrational dependence of
dopant diffusion coefficient is presented in [18]. The function V (x,y,z,f) describes distribution of
concentration of radiation vacancies in space and time. The parameter V' describes the equilibri-
um distribution of concentration of vacancies. It should be noted, that diffusion type of doping
gives a possibility to obtain doped materials without radiation defects. In this situation {;=¢,=0.
We determine spatio-temporal distributions of concentrations of radiation defects by solving the
following system of equations [10,13]
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Boundary and initial conditions for these equations are
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Here p=LV. The function I(x,y,z,f) describes the distribution of concentration of radiation inter-
stitials in space and time. The functions D,(x,y,z,T) describe dependences of the diffusion coeffi-
cients of point radiation defects on coordinate and temperature. The quadric on concentrations
terms of Eqs. (4) describes generation divacancies and diinterstitials. The function k;/(x,y,z,T)
describes dependence of the parameter of recombination of point radiation defects on coordinate
and temperature. The function k;(x,y,z,T) and kyv(x,y,z,T) describes dependences of the parame-
ters of generation of simplest complexes of point radiation defects on coordinate and tempera-
ture.

Now let us calculate distributions of concentrations of divacancies @y(x,y,z,t) and diinterstitials
D(x,y,z,t) in space and time by solving the following system of equations [10,19]
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Boundary and initial conditions for these equations are
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The functions Dg,(x,y,z,T) describe dependences of the diffusion coefficients of the above com-
plexes of radiation defects on coordinate and temperature. The functions k;(x,y,z,T) and ky(x,y,z,
T) describe the parameters of decay of these complexes on coordinate and temperature.

We calculate distributions of concentrations of point radiation defects in space and time by using
recently elaborated approach [12,13]. To use the approach let us transform dependences of diffu-
sion coefficients of point defects in space and time to the following form: D(x,y,z,T7)=Dy, [1+&,
8,(x,y,z,T)], where D,, are the average values of diffusion coefficients, 0<g,<1, Ig,(x,y,z, TI<1,p
=[,V. Let us also transform dependences of another parameters to the similar form: k; /(x, y,z,T)=
korvl1+&y grv(x.y.z. D))y kix.y,z.D=kors [1+&; grix.y,2.1)] and kyy (x,y,2,T) = kovy [1+&vy
gv(x,y,2,T)], where ko ,» are the their average values, 0<gy <1, 0<g, <1, 0<ey<1, |
givixy,z, DILL, | grdx,y,z, 1)1, Igvu(x,y,z,T)IS1. Let us introduce the following dimensionless

variables: I (x,y,z,1)=1(x,y,z,t)/1" , y=x/L, 7=y IL,, ¢p=7/L,, V(xy,z8)=V(xy,z0)/V",
#=\D, Dy, t/*, @=Lk, [\|DyD,, . Q, :szop‘p/ D,D,, . The introduction leads to trans-
formation of Eqgs.(4) and conditions (5) to the following form
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Let us determine solutions of Egs.(8) as the following power series [12,13]
plrn.o.0)=3e, L0 Y.Q)5, (1.1.9.0). (10)

After substitution of the series (10) into Eqgs.(8) and conditions (9) we obtain equations for ini-
tial-order approximations of concentration of point defects 7000(1, 7.6,8) and \7000(,1/, 17.6,9), correc-

tions Z " (,1/,77, 0, 19) and ‘71-]-/( (;(,77,¢, 19) and conditions for them for all i>1, j>1, k>1. The equations

are presented in the Appendix. We calculate solutions of the equations by standard Fourier ap-
proach [20,21]. The solutions are presented in the Appendix.

Farther we determine spatio-temporal distributions of concentrations of simplest complexes of
point radiation defects. To determine the distributions we transform approximations of diffusion
coefficients in the following form: Dgy(x,y,2,T)=Doapl1+Espg a5(.y,2,T)], Where Dyg, are the av-
erage values of diffusion coefficients. In this situation the Eqs.(6) could be written as
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We determine spatio-temporal distributions of concentrations of complexes of radiation defects
as the following power series

@, (v.y.20)=1E,, (xy.21). (11)

Equations for the functions @,(x,y,z,t) and conditions for them could be obtained by substitution
of the series (11) into Eqs.(6) and appropriate boundary and initial conditions. We present the
equations and conditions in the Appendix. Solutions of the equations have been calculated by
standard approaches [20,21] and presented in the Appendix.

Now we calculate distribution of concentration of dopant in space and time by using the same
approach, which was used for calculation the same distributions of another concentrations. To
use the approach we transform spatio-temperature approximation of dopant diffusion coefficient
to the form: D;(x,y,z,T)=Dy[1+&g(x,y,z,T)], where Dy, is the average value of dopant diffusion
coefficient, 0<g<1, Igr(x,y,z,T)I<1. Now we solve the Eq.(1) as the following power series
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C(x,y,z2,t)= ieiié"jqj (x,v.2.1).
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The equations for the functions Cy(x,y,z,f) and conditions for them have been obtained by substi-
tution of the series into Eq.(1) and conditions (2). We presented the equations and conditions for
them in the Appendix. We solve the equations by standard Fourier approach [20,21]. The solu-
tions have been presented in the Appendix.

We analyzed distributions of concentrations of dopant and radiation defects in space and time
analytically by using the second-order approximations on all parameters, which have been used
in appropriate series. The approximations are usually enough good approximations to make qual-
itative analysis and to obtain quantitative results. We check all results of analytical modeling by
comparison with results of numerical simulation.

3. DISCUSSION

In this section based on recently calculated relations we analyzed redistribution of dopant with
account redistribution of radiation defects. These relations give us possibility to obtain spatial
distributions of concentration of dopant. Typical spatial distributions of concentration of dopant
in directions, which is perpendicular to channel, are presented in Fig. 2. Curve 1 of this paper is a
typical distribution of concentration of dopant in directions of channel. The figure shows, that
presents of interface between layers of heterostructure gives us possibility to obtain more com-
pact and more homogenous distribution of concentration of dopant in direction, which is perpen-
dicular to the interface. However in this situation one shall to optimize annealing time. Reason of
the optimization is following. If annealing time is small, dopant can not achieves the interface. If
annealing time is large, dopant will diffuse into another layers of heterostructure too deep. We
calculate optimal value of annealing time by using recently introduced criterion [12-17]. Frame-
work the criterion we approximate real distribution of concentration of dopant by ideal step-wise
function ¥ (x,y,z). Farther the required optimal value of dopant concentration by minimization of
the following mean-squared error

L.Ly

V=i !

- ey, 2.0)—w(x,y, ) dzd yd x. 12
LLL i[ (x.5.2.0)-y(x.y.2)ldzd yd x (12)

Dependences of optimal value of annealing time are presented on Figs. 3. Optimal values of an-
nealing time of implanted dopant should be smaller in comparison with the same annealing time
of infused dopant. Reason of the difference is necessity to anneal radiation defects before anneal-
ing of dopant.
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Fig.2. The infused dopant concentration distributions. The considered direction is perpendicular to inter-
face between epitaxial layer and substrate. Increasing of number of distributions corresponds to increasing
of difference between values of dopant diffusion coefficient in layers of heterostructure. The distributions
have been calculated under condition, when value of dopant diffusion coefficient in epitaxial layer is larg-
er, than value of dopant diffusion coefficient in substrate
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Fig.3. Fig.2. The implanted dopant concentration distributions. The considered direction is perpendicular
to interface between epitaxial layer and substrate. Curves 1 and 3 corresponds to annealing time ® =
0.0048 (LX2+L.,<2+L22)/D0. Curves 2 and 4 corresponds to annealing time ® = 0.0057(LX2+L.,<2+L22)/D0.

Curves 1 and 2 have been calculated for homogenous sample. Curves 3 and 4 have been calculated for
heterostructure under condition, when value of dopant diffusion coefficient in epitaxial layer is larger, than
value of dopant diffusion coefficient in substrate
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Fig.3a. Optimal annealing time of infused dopant as dependences of several parameters. Curve 1 is the
dependence of the considered annealing time on dimensionless thickness of epitaxial layer a/L and &= =0
for equal to each other values of dopant diffusion coefficient in all parts of heterostructure. Curve 2 is the

dependence of the considered annealing time on the parameter € for a/L=1/2 and &==0. Curve 3 is the

dependence of the considered annealing time on the parameter &for a/L=1/2 and £==0. Curve 4 is the
dependence of the considered annealing time on parameter yfor a/L=1/2 and &= £=0

4. CONCLUSIONS

In this paper we consider a possibility to increase density of elements in circuit of an amplifier
based on bipolar heterotransistors. Several conditions to increase the density have been formulat-
ed. Analysis of redistribution of dopant with account redistribution of radiation defects (after im-
plantation of ions of dopant) for optimization of the above annealing have been done by using
recently introduced analytical approach. The approach gives a possibility to analyze mass and
heat transports in a heterostructure without crosslinking of solutions on interfaces between layers
of the heterostructure with account nonlinearity of these transports and variation in time of their
parameters.
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Fig.3a. Optimal annealing time of implanted dopant as dependences of several parameters. Curve 1 is the
dependence of the considered annealing time on dimensionless thickness of epitaxial layer a/L and &= =0
for equal to each other values of dopant diffusion coefficient in all parts of heterostructure. Curve 2 is the
dependence of the considered annealing time on the parameter € for a/L=1/2 and £==0. Curve 3 is the
dependence of the considered annealing time on the parameter &for a/L=1/2 and £==0. Curve 4 is the
dependence of the considered annealing time on parameter yfor a/L=1/2 and &=£=0
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APPENDIX

Equations for the functions I i (;(,77,¢, 19) and \ij (;(,77, 9, 19), i>0, j>0, k>0 and conditions for

them
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~[t+e,, 8., (10T 1oy (21,0, 9V, (27,99
0y (1.1.0.9) _ Doy | 1o (2.11.0.8) | 9Ty (:1.6.9) , 0°Tns(2.1.0.9) | _
¢ D,, | o0y’ an’ ¢’
~i+e,, 8, 0D (27.0.9) Vi (2.0.0.89)+ Ty (2.1.0.0)V (2.17.0.9)
Voo (21:0.9) _ [Dyy | 9V 0.11.0.8) | 0%V (2:11.0.8) | 0V (2:1.0.9) |
9 D,, | oy’ an’ ¢’
[+, 8., G 0. N[y (1.0, (1.0.0.9)+ T (2.1.0.007,, (.. 0.9)]:
87001(1’77’¢’19) — & 827001(Z,T7,¢,Z9) a IOOI(Z 77 ¢ 19) a iUUI(Z’ﬂ’¢’19) _
0 D,, | ar’ an’ d¢’
~lt+e, 8, o D2 (2.7.0.9)

Vi (2:1:0.9) _ [Dyy [ 9Vin,(2.7.0.9) 3%V (£:1.0.9)  9"Viy, (2.1.0.9) | _
9 D, | or’ an’ 99’

“live, e, (o, T)V2 (2.0.6,8);

10
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X

oL, (x:1.9.9) _ | Dy | '1(x.7.0.09) , 91 (x1.0.8) 'L (:m:.0.9) |, | Dy
90 D,, dx’ an’ 29’ D

{az{g,(ln¢T)aI°‘°(Z”¢ﬁ)} . { (ZU¢T)81~010(Z’77,¢’19) +;¢

an
81010(177 9, 19 }

ov

[¢, (x.7.6.T) x

70 (271 0,9V (2.7, 0 0) + T (2.7, 0,00V, (2,77, 6,9)]

ll+gllgll(177¢T)J
ammw /D{ lm(znw) Vo108 9 m(xnw)} Dy |,
D

on’ d¢’ D,

x{j{ (1) anlzn:0:0) WM} | enon) B0 D )
X a7 99

07

ox an

-G 7.0.0) TG, 0,00+ Vi 0,90 0.9

X 8‘7010(//(’77’¢’ 19)_}
xli+e, g, (2no.T):
s (1.7.9.9) _ Dy, | °1y(x.11.0.8) | 81, (1:11.0.9) , 0°(2.1.0.9) |

¢ D,, | or’ on’ ¢’
—[1+e, 181, (. 90.7 )T .99, (2.17.0.9)
Vi (2.11.0.8) _ [Dyy [ 9V .11.0.8) | 9°Vio (1:11.0.8) | 0V (2.1.0.9) |

9 Dy, | oy an’ d¢’
-+ evg0y (20, Vo, (2.7.0.0)Vio (21,6, 9):

0T (1.0.9) _ [Dy,[ 9T (n.0.0)  9°T(rn.0.9)  3°T(x.1.9.9)]
09 D,, | 9y’ an’ 29’

+ DO[ {a |:g1(ZT]¢T)aIOOI(Z77¢Z9):| |: (Z’]¢ ) 001(7(’77’¢s79):|+
v |9 ¥ on

L

a%{g,(x 7.9, T)ai(’a’—ﬂlﬂ} [+£,2,(0.110.7) oo .0,V (2.1,6,9)

WV (:1:0.9) _ Dy | Vi (1:0.9) , 0V (1.1.0.8) | 3V (21.0.9) |
0 D,, o an’ ¢’

2l e non?ln o), D (g Pulensel],

D,, ¥

ki WV (277,90, )
e alrnon) et

821011 ’ J az7011 oI ’19 a 1011 ’ v T
(z.7.9.9) (1277415 ) (z.7.0.9) T (b d)x
o an 09’

}} [1+&,8, (2.7.0.T) 1o (2.70.6.8)V,, (7.7.0.9):

Al (2:7.8,9) _ [Dy
90 D,,

11
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x [1+e,, 8, (0. T Twxmo.o) -1 +e, 8, rn.0.T)] 10 (x.1.0,8) Vo (2.7.0.0)
0,8 3V (r.m.0.0 a2v0“ .09 3V (r.1.0.0
Vo (2.11.0.9) _ /D { (2.1.9.9) (r.1.0.9) 9 Vi, (z.m.9 } 7 (pmd)x

0V oy on’ 09’
x[1+e,,8,, (2.1 0.T) Vi (2.7, 0.9)- 1+ £,,8,, (2.1.0.0) T (1. 10.0.8) Vi, (.77, 8);

P o) _ o B ned) _ 9B emed) o apened)
a Z x=0 ’ a Z x=1 ’ a 77 |I]=0 ’ 877 7=l ’
0Pl ed) _ o 08 wmed) o o kso
d¢ ¢=0 I¢ g=1

Pooo2:1.0.0)= f,(x.1.0)/ P, B, (2.1.6.0)=0 (i1, j=1, k=1).

Solutions of the above equations could be Written as

P (2:1.9. 0)——+ LFe(r)e () elp)e,, ().
where E,pz;jcos(ﬂ'nu)jcos(ﬂ'nv) cos(ﬂnw)fnp(u,v,w)dwdvdu, en,(z9)=exp(—zz'2n2 1/DOV/DO,),
c(p)=cos(mny), env(z}‘)=exp(—7z2n2 /D, /Dy, );

~ o v 1 1 la~. ", v, W,
T en0.0)=22 2 S e, (el)elo)e, )] e, (- )f s e, (o LLoonorre0)

0 0 du

Ll 1 1

xc,(wg, w,v,w,T)dwdvdudr-2x Dy, inc” (¥)c@m)c(@)e, (z9)fe”1 (- T)J'c” (u)fs” (v) x

n=1

oy = 0 0 0

2 n, (D)) e, (e (- 7)x

Ovnl

) J 7;’—100 (Mv v, W, T)

dwdvdudrt-2rx
ov

X .l[cu (W)gl(u’v9 W9T
0

1 1

xfe, e, 0)

0

) J ii—l()() (u, v, W, T)

dwdvdudrt,i>1,
ow

s, (w)g, (u,v, w, T

o

1 1 1

Fol0.0)= -2 2 S )ela)elohe ) ), e ) £, i)

0 0 0

e 02 tvtua = (205 v (elr)lole, (o), e, s, 0)x

a u n=1 0 0 0

X 27ricn (w) g, (u,v,w,T)Wd wdvdudt-27 %incn ()cm)c(@)e,, (19) x
0 or

1% n=1

) ~
X{enl(—r)icn(u)icn (v)isn(w)gv (u,v,w,T)Wd wdvdudrt,i>1,

where s,(y)=sin(xny);
Pun 2:1.98)==25 ¢, (2)e, (n)e, 0)e,, )]e,, (e, ()], W), (w)x

X [1+51,v81v(“ v,w,T) ]IOOO (,v,w,7) 0Oo(u vow,7)dwdvdudrt;

5 ¢, (2)e, (1) e, (0e,, (D) e, ()], W]e, W e, () [+,

OV 0 0

D

ﬁozo (Z’ n.9, 79) =-2

X g,_v(u,v,w,T)][ Olo(u,v w,T)V. 000(u,v,w,‘z‘)-i—[ooo(u,v w, TV, (e, v, w, T]dwdvdud?:;

12
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1

Proi1.9.9)= 256, (1), (), (0, )] e, (- e, ()], (v, () x

0

X [l+€p’pgp,p(u,v,w,T)] ~(foo(u,v,w,f)dwdvdud2';

Taln.0)=-2x [ 20 S, (z)cn(n)cn(¢>en,(a)gen,(—ﬂgsn(@gcn(v)icn(u)x

0

X g,(u,v,w,T)dedvdudr—bt /&2ncn(;()cn(n)cn(¢)en,(0) X
ov "7

ﬂ ]
e e, )], 00, @, Gevn )LD gy g1 [P
0 0 0 0 A% DOV

oo ¥
xén e, (ﬂ){en, (—T)icn (u)icn (v)isn (u)g, (i, v, w,T)Mv’VV’W’T)d wdvdudTt X

xc,(2)e, e, (0)-25 ¢, (e, B)e, e, (e, 2)fe, (e, W]e, li+e,, x

Xg,v(u v, W, T)][Iwo(u v, W, T)Vooo(u VW, T)+ Iooo(u v, W, r)VwU(u v,w,r)]dwdvdudr

Bl 0:0)=-27 (225 v (e o) O o) ). e, O, )

n=l1

X g, (u,v,w,T)Wd wdvdudt-27x f% ilnc” (;()cn (n)cn (¢)env () x
or "

Xfenv (- T)jc” (u)js” (v)jcn ()g, (u,v, w,T)dedvdudT—Zﬂ' % X
o7

0 0 0 0 \%
X i;lnenv (ﬂ)ienv (—T)icn (u)icn (v).:[sn (u)gv (u,v,w,T)Mv’:’W’T)d wdvdudt X

ch(Z)C ( ) (¢)_Zicn(l)enl(19)0,1(77)6'”(¢)J.env(_7) Cn(u)icn(v)j.[l-‘rglV g,v(u,v,w,T)]X

1

]
n=1 0 0

T

xXc, [IIOO u v, )‘7000(“»"» W,T)+1000(u,v, w,

T zn.0.0)=-27 D—wgncnmcn(n)cn<¢)en,w)jen( s ()icn()f (v,T) x

ov " 1
(u v, W, 7:) D, = o 1
e, )28 gy -2m P S e, (7) e, 1) €, 0) e, @ e, (o), )
ou DOV n=1 0 0
s, e, 00, oo 1) T 4 a2 [P S e @), (e, (), 0) %
0 0 Vv ov =1

1§

e o) e, 0)]s, 0, (v ) 0D g0y gz 25 ¢, (r)e, (e, 0)
0 0 w

n=1

X e, (z?)jen, (- T)jcn(u)fcn(v)fcn(w) [1 +E .8y (u,v, w,T)]imo(u,v, w,T) Vooo(u,v, w,t)dwdvdudrt

13
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~ D,
V101 (Z» n, 9, 19) =-2r DOV

Wbt ) gy dude =22 2 S e, (1) €, 0) €, 0) e (9 e (), )

X C” (W) a u n=1

hs, e, ol e ) Y20 4y e 2 [P S e o), (2)e, n)e, )
v or "

e e, 6,00, Gromn) V82D g0y g e 25 (e, e, ()
0 0 0 0 w n=l1
@), (2N e, (w)e, (W], (w) [+2,, 2, v DT goluts v, w,7) Vo (v, w,7) d wd vd ud z

T (:1.0.9)==25 ¢, (2)e, (m)e. (D)e,, (9)f e, (D), ()] e, (v)] e, (w){Toyurv.10.7)

X [1+8, 18, (v, w,T)]im(u, VW, T)+ [1+8,ng,y (i, v, w,T)]Iom(u VW, T)\700(u v, W, T)}d wdvdudTt
)

7 0.9)==25 ,(2)e, e, 0, e e (e (o

[1+ vEvv (ut, v, w, T)]imo(u, VW, T)+ [1+51,v81,v (1, v, w, T)]iom(u, v, W, T)Vooo(u, v, W, T)}d wdvdudr.

Equations for the functions @,(x,y,z,t), boundary and initial conditions for them could be written

( ){TOOO(IA,V, W,T) X

as
&q)lo(x’y’z’t): &2 q)m(x’y’z’t)_i_&z cI)[o(x’y’Z’t)_i_az cI)]o(x’ysZ’t) +
dt oo ax’ a2y’ 2z’

+k,, (63,2, T (x, y,2,8) =k, (9, 2,71 (x, v, 2,1)

&CDVO(X’y»Z»t)_D achVo(x’y’Zst) &ZQ)VO(x,y,Z,[) &ZCDVO()C,y,z,t)
T oar o o oy a7 i
+kV,V (.X, y’Z’T)Vz(x’ys Z’t)_kv (X,y, ZsT)V(-x, y,ZJ);

I, (x,y,2.1) {924),,-(% v.ot) @, (x,y,z1) 9°P,(x, y,z,t)}
- L. = 0d/ + + +

dt d x’ ay’ 27’

& a(l)li— (x’y’z’t) 8 8(1)”7 (X,y,Z,t)
+D0¢1{_|:g<1>1 (x,y,z,T)lg— 57| 8w (x,y,z,T)l— +
x dy dy

Ix
J gq)li—l(‘x’y’z’t) .
+_ bl E) 7T - - 9 21’
o nanSudias ]

&q)Vi(x’y’Z’t) &2q)Vi(x’y’Z’t) &2q)Vi(x’y’Z’t) &2®Vi(x’y’z’t)
— N = Dyuy - + - + - +
dt dx dy dz

§¢Vi-1(x’yvzat)i|
e

8(I)Vi—l(x’yvzvt) + 7
dy

9
+ D,y {ax[&w (x,y.2.7) e a—y[gq,v (x,y,2.T)

&(b i s Vs 9t
+i|:gq>v (xa y%ﬂ#}}, i>1;
Z

dz
ad>pl.(x,y,z,t) _ aépi(x,y,z,t) _ 8<I>pl.(x,y,z,t) 0 8<I>pl.(x,y,z,t) o
a.x ’ a-x =L ' a y y=0 ’ ay y=L, ’

x=0

14
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9P, (x,y,2.1) 9P, (x,,2,1)

5 =0, 5 =0, i20; Pyo(x,y,2,0)=fap (x,9,2), Dyi(x,,2,0)=0, i=1.
z 0 z

z=L,
Solutions of the above equations could be written as
CL T See e bR, 0+ L S0 e (e b))

n=l1

D, (x,y,2,1)=

L, Ly L

e, ) fe,0) e, ()i, (ovom 7)1 v, w.7) -

t
X €d>pn (t)ie%n (_ T)o 0 o

—k, (u,v,w,T)I(u,v,w,T)]d wdvdudrt,

L, L, L 1 1 1
where F,, = icﬂ (u)gcn v)fe, (w)fq,p (w,v,w)dwdvdu, €, (t):exp[—izznzDoq,pt[ ﬂ,

e

0

ca(x)=cos(zn x/L,);

27 il L Ly Ly L
@, (xy.a1)=-—"—%nc,(x) ¢,(y) c,(c) ey, (N e, (- 7)Ts, () T, ()] g, at.v 0. T) x
LLL, = O 0 0 o 7
a®, . (u,v,w,7) - :
e 22D e -2 e (e, (e ey, O e, (5)
du L.LL, = T
: L L L, P, . (u,v,w1 -
x{e%n(—z'){cn(u){sn(v)icn(w)g%(u,v,w,T) L 107(\} )deVdudr_LXZLfo_ nzzlnx
' L L, L 0P awv,w, T
Xeq,pn(t)ge%n(—r){cn(u)icn(v)isn(w) L ;(w )gq,p(u,v,w,T)dwdvdudrx

xc,(x)¢,(y) e, (2), 21,
where s,(x)=sin(zn x/L,).

Equations for the functions Cy(x,y,z,t), boundary and initial conditions for them could be written as

9Cy(x,3,2,1) -D 9*Coo y,z,t)+D 9°Cyy(x, y,2,1) b 9°Cy (%, ,2,1)
at s 9 x? oL ayz 0L PP 5
2 ) )
IC, (%, y, z,t):DOL d C,-o(x,zy,z,t)+ J Cio(x,zy,z,t)+ d Cio(x,zy,z,t) N
at dx dy 3z
E)C , Y, ’t aC7 .y, ,l
+D0Li gL(x,y,z,T)M +D0Li gL(x,y,Z’T)M +
0x ox ay ay
-i-DOLi gL(x’y’Z’T)w Ji>l:
0z 0z
aC‘()l(-x’y,z’t)_D achl(x,y’Z’t)_i_D azCOl(x’ysZst)+D azcol('x’ysZ,t)
ot - HoL dx? oL ay2 oL 822

p 0| Caley.zr)aCylry.z)|, 5 9| Chlry.z1) 9C,(xy.2.0) |,
0L 0L
dx| P7(x,y,z.T) dx dy| P7(x,y,2.T) dy

D i[%(x,y,z,t)acoo(x,y,z,t)}

9zl P'(x,y,2.7T) 0z ;
2 2 2
acm(x’y’z’t) =D, d Coz(xazyﬁz’t) D,, ) CUZ(x’zysZst)+D0L J Coz(xsz)’szst)+
ot 0x dy 9z

15
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7-1 i
+DOL{%{COI(&%ZJ)COO (x, ,2,1) 9 Cyy (v, y,z,t)}ri[Cm(x’y,m)cm (y.2.0)

P’(x,y,z,T) dx 0y P"(x,y,z,T)

-1
Xacoo(x»y»zst)i|+ d |:C01(x y, ’t)coo (x»yszst)aCoo(x»y»Z’t)j|}+

dy a_z P"(x,y,z,T) 0z

y-1
BCOU(x ¥, Z, t)}+ J |:C01(x .z I)CUO (x v, 2, t)BCw(x,y,z,t)}}+D { 0 {Coo(x v, 2, t)

dy dz P7(x,y,2.T) 9z x| P (x,y, z,T)
BCOl X, v, 2.t } i{ (x,y, 2.t BCUI(x v, 2, t)}ri{C&)(x,y,z,t)8C01(x,y,z,t)}}'
a b

) =D,

"(x,v,2,7T) dy dz| P"(x,y,2,T) 0z

3C“(x V2.t 0°C,(ry.21), p Cylvy.zt), 5 Culry.z),
ot o dx’ o dy’ o 0z’

y-1 7-1
+ {ai|:c1o (-x, y, Z,t\ COO (x’ Y Z’t) J COU (X, > Z,t):| +ai|:clo (-x, Y, Z,t) COO (x’—y’ ZJ)X
X y

IP’(x,y,z,T) Jx P7(x,y,z,T)

!
XM}-F a |:C10(x y’ ’[\CUU (X,y,Z,l‘)ano(X,)’»Z,t)}}DUL+

dy a_z }P’(x,y,z,T) 0z

o p 10| Calry.z1) 9C, (. y.z0) |, 0 | Colr.y.2,1) 3C,(xy.2.0)|
“lox| P"(x,y,z,T) dx dy| P"(x,y,2,T) dy

Y
+i[ Coolr.y.2.1) 9C,y (.. Z’I)}}+ DOL{ai{gL (x, y,z,T)M}
X

dz P’(x,y,z,T) 0z dx

+i{gL (1,3, 7)2Culrr-21) y’z’t)}ai[& (1,y,5,7)2C0l0 2.0 C‘“(x’y’z’t)}} ;
4

dy dy 0z
o"C,:,.(x,y,z,t) 0 8Ci,(x,y,z,t) o &’C,.j(x,y,z,t) 0 é’CU(x,y,z,t) 0
Jdx o ’ dx . ’ dy o ’ dy L, ’
&Clj(x,y,z,t) _0. &’C,.j(x,y,z,t) Z0.130.]30:
&Z z=0 8Z z=L,

Coo(x,y,2,0)=fc (x,,2), Cii(x,,2,0)=0, i 21, j =1.

Solutions of the above equations with account boundary and initial have been calculated by Fou-
rier approach. The result of calculation could be written as

)

1 2
Coo(x’y’z»t)=L L L +L L L nZZIFnCCn(x)cn(y)cn(z)enc(t)’
X 'z x =y

0

where enc(t)zexp{—ﬂznzpoc{z++H, F. =Lfcn(u)Ljycn( )Ljf (v, w) c,(w) dwdvdu;

x

Ci (x» Y25 t)

1 e, (e, 0e, Qe W e, ) e, 0 g, (v T)

LZLLnl

xcn(w)wdwdvdm- 2 b e (x)e, (e, (e (e, (- 7)
al/l LLZVLZ n=1 0

x

16
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L, Ly L, o
x [c,(u)[s,0)fc,v)g, (u,v,w,T)aC’ 'O(M’V’W’T)dwdvdudT—Z—EZZnFncenc(t) X
0 0 0 av LXLyLZ n=1
t Ly Ly L, a
e (e, (e, (el ) e, 615, 0, vonr) 250D e o,
0 0 0 0 w

Ly L,

S e, (e, (e, e e s, e, (e, (w)x

0

T
Col(x’y’z’t)=_ B

C(u,v,w,t)0C (ﬁ,v,w,z’) 2r =
% P(;)(u’v’ W’T) 00 » dwdvdudrt— LXL?LZ gnFnCc” (x)cn (y)c” (z)enc (r) x
‘ Ly Ly Iy Cl(u,v,w,7)9Cy (, v, w,7) 2T =
X!;enc(_T)!;Cn(u)!;sn(v)icn( )P(;)(M,V,W,T) X v deVdudT—LxL—yLingln enc(t)x

t L, L,

nC
0

P’(u,v,w,T) ow

oo ' L, Ly, L,
COZ(X’ y’ Z’t)= Z nCC ( )Cn (y)cn(z)enc(I)Jenc(_r)jsn(u)Icn (V)J‘CH(W)X
XL‘L n=1 0 0 0 0
CMu,v,w,7) 9C,, (v, w,7) 2r =
x Cy, (t,v,w,7) P"‘;(u v T) > 3 deVdudT_LxL—f_LGZ:l F,cc,(x)c,(y)x

T\C (u v, W, T)aCOO(M,V,W,T) y
P (u,v,w,T) av

% nFe (16, (0)e, Qe e (2)Te, ) fe, ()

vz

chn(z)enc(t)ie,,c( )Ic (u )I W )ICOI(M VW,

ch(w)dwdvdudr—L

L Cl (u,v,w,z')aC (u,v,w,z‘) 2T =
x{s (w)c,, (v, w,7)=2 7 (u,v,w,T) anw dwdvdudt- CLL nzzln ¢, (x)x
‘ L, Ly L J0C (u,v,w,T
<Fce, ()6, Qe e 215, 1) fe, 00, ()G, )2l
c ' u,v,w,t 2T = ¢ L
S v dud 5 (e ) e e b o)
by L, CIM v, w,7) A Cyp (v, w,7) 2T =
\ W Ve WV, DAERL)
xisn(v)icn(w) Cy, (,v,w,7) P7(u,v,wT) ® ™ deVdudT_LxLyLignx
: Ly Cru,v,w,T
P (8)e, 0)e, s e (e ) e, 00, (01 v ) S22,
0 0 P (u,v,w,T)

o0 t L,
xwdwvdum—f—”memcn<y>cn<z)enc<rnenc<—msn<u>x
ow LL L 0 0

x ™y

Ly L C’ (u,v,w,z')ac (u,v,w,z') o
e (v){c (W)P(:)(u o) o1 » deVdudT_LXLiLZ gcn(x)enc(t)x

\Coo(u v,w,7) 9 C,, (,v, w,7)

<Fce, 02 ) [5,0)fe, () P H O D v v dud o
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