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ABSTRACT

An L (2, 1)-labeling of a graph G (also called distance two labeling) is a function f from the vertex
set V (G) to the non negative integers {0,1,..., k }such that If(x)-f(y)| =2 if d(x, y) =1 and | fix)- ) >1 if
d(x, y) =2. The L (2, 1)-labeling number A (G) or span of G is the smallest k such that there is a f with
max {f (v) : ve V(G)}= k. In this paper we introduce a new type of graph called multi-storey graph. The
distance two labeling of multi-storey of path, cycle, Star graph, Grid, Planar graph with maximal edges
and its span value is determined. Further maximum upper bound span value for Multi-storey of simple
graph are discussed.
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1. INTRODUCTION

More and more Communication networks have been developed, but the available radio
frequencies allocated to communications are not sufficient. It is important to find an efficient
way to assign these frequencies. The main difficulty is given by inferences caused by
unconstrained simultaneous transmissions which will damage communications. The interference
can be avoided by means of suitable Channel assignment. In 1980, Hale introduced the Graph
theory Model of the channel assignment problem where it was represented as a vertex coloring
problem. Vertices on the graph correspond to the radio stations and the edges show the
proximity of the stations. In 1991, Roberts proposed a variation of the channel assignment
problem in which the FM radio stations were considered either "Close" or "Very Close".
"Close" stations were vertices of distance two apart on the graph and were assigned different
channels; stations that were considered "Very Close" were adjacent vertices on the graph and
were assigned channels that differed by distance two. More precisely, In 1992 Grigs and Yeh
defined the L(2, 1)-labeling (Distance two labeling) as follows.

An L (2, 1)-labeling of a graph G is a function f from the vertex set V (G) to the non
negative integers {0,1,..., k }such that [f{x)-f(y)| >2 if d(x, y) =1 and | fix)- f(y)| >1 if d(x, y) =2.
The L (2, I)-labeling number A (G) or span of G is the smallest k such that G has an L (2, 1)-
labeling f with max {f (v) : veV (G) }= k.

Our work is motivated the conjecture of Griggs and Yeh [9] that asserts that 4, (G) <
A* for every graph G with maximum degree A> 2. The conjecture has been verified only for
several classes of graphs such as graphs of maximum degree two, chordal graphs [20] (see also
[6, 16]) and Hamiltonian cubic graphs [12, 13]. For general graphs, the original bound

4, (G)<A*+2A of [9] was improved to 4,,(G) <A*+Ain [6]. A more general result of
[15] yields A,,(G)<A*+A—1 and the present record of A,,(G)<A*+A—2 was proven by
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Goncalves [10]. The algorithmic aspects of L(2, 1)-labelings have also been investigated [ 4, 7,
8, 14, 17] because of their potential applications in practice. In this Paper we construct a new
Graph called Multi-storey Graph and distance two labeling of Multi-storey of some class of
graphs also determined. Upper bound for the span value of Multi-storey Simple Graph is also
discussed.

2. CONSTRUCTION OF MULTI-STOREY GRAPH

A graph G consists of a pair (V(G), E(G)) where V(G) is a non-empty finite set whose
elements are called vertices and E(G) is a set of unordered pairs of distinct elements of V(G).
The elements of E(G) are called edges of the graph G. A graph G with out loops and parallel
edges is called Simple Graph. If the given number of stations (vertices) is too large and we have
to assign a channel (label) for these stations with out interference then we can arrange the
stations in m layers and each stations of any layer is connected to corresponding stations by a
link(edges). This idea creates a construction of Multi-storey graph. Consider any simple graph
‘G’ with n vertices. Arrange m copies of G like a Multi-storey building every layer of it using
mn edges like pillar of a Multi-storey building. Formally we define a Multi-storey graph as
follows

G’ =(V(G’).E(G")) where V(G’)={v],v],...v]} forj=12,..,mand
i=1
E(G’)={v/v] :vy, e E(G)}. Now we construct a new graph G" = (V, E) called Multi-storey

graph where V(G") = (G U V(G U ... U V(G™) = LmJV(Gf') and E(G") = LmJE(Gf)U E
Jj=1 Jj=1

where E ={vv"':1<i<n;1<k <m—1}. The construction is given in Fig. 1.1.

Figure 1. Multi-storey Graph

Number of vertices in this Multi-storey Graph G" is mn, where m is the number of copies of G
and n is the number of vertices of a simple Graph G. Number of edges in this Multi-storey
Graph G is (m-1)n + m|E|. In general the Maximum degree of a graph G is denoted as A. In
our Multi-storey graph Maximum degree is denoted as A,, =A+2 <n+l.

For example, Multi-storey of Path will give the structure of Grid. In [21] L(h, k)-
labeling problem on the product of paths is studied by Tiziana Calamoneri. For a squared grid S,
following results are proved in [20]:

Result 1:If k < h < 2k, then 2h + 2k < Ay (S) < min (4h, 2h + 3k — 1, 6k).
Result 2:If 2k< h < 3k then 2h + 2k < Ay 1 (S) < min (3h, 2h + 3k — 1, 8k).
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3. DISTANCE TWO LABELING - MULTI-STOREY GRAPH OF CYCLES AND
STARS

In this section distance two labeling for Multi-storey of Cycle and Star are discussed.

Definition 3.1. The cycle graph or a Circuit graph C, is a graph which has n vertices and n
edges.

In the following algorithm, we give the construction and distance two labeling for Multi-storey
cycle C,. M copies of the cycles C, are placed in M stores and the n vertices of cycle linked to
the corresponding n vertices of the cycles in succeeding layers. Next distance two labeling of
C," is discussed in two cases. In the first case, distance two labeling for Multi-storey cycle C,"
with M < 3 is given. In the second case, distance two labeling for Multi-storey cycle C," with
M >3 is given in three sub cases M =1(mod 3), M =2(mod3) and M =0(mod3).

Algorithm 3.2.
Input: Number of vertices mn of C,"

Output: Distance two labeling of vertices of the graph C,"
begin

vcy ):{UV(CZ)ZV(C,{)={vlj,v2j,...,vr{}}

i+l

E(Cf):UE(C;’)UE‘ where E(C))={v/v}, :1<i<n-11< j<m} J{v/v/}
a E={pv"i1<i<ml<k<m-1)
if (m<3)
forj=1to2
fori=1ton—1
{
FOH)=2-1)+3(j-1);
f)=2n-1);
fo=1
}
elseif (m >3) and (m =1 (mod 3))
m—

forj=1to

fori=1ton-1

{

FOI) = FO)=26-1);
fOPhY=2-D+3;
fOY=26-1)+6;
fOI =N =2n-1);
Fe =1

foh=4

}
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else if(m > 3) and (m =2 (mod 3))
m—2

forj=1to

fori=1ton—-1

{
SO =) =2>0-1);
FOIY =0 =26-1)+3;
fO=2>-1)+6;
JO )= =2n-1);
fO =0 =1
feh=4
}

elseif (m > 3) and (m =0 (mod 3))

m
forj=1to —
/ 3

fori=1ton-1

{

FO)=23-1);
FOH=26-1+3;
fO)=2(-1)+6;
fo ) =2n-1);

ferh=1
foh=4
}

end

Theorem 3.3: The Multi-storey of Cycle graph C,"” has distance two labeling and its span of
G MC,M) = 2n+2.
Proof: Consider the Multi-storey of Cycle graph C,"” with the vertex and edge set defined as in
algorithm 3.2. Let the function f: V(CHM) — {0,1,2,...,2n+2 } be defined as in algorithm 3.2.
Now we have to prove this theorem using two cases.
Case (i): If d(v; v)=1 then to prove [f(v)-f(v) = 2.
d(v;,v)=loccur for the edges {v/v/ :1<i<n-L1<j<m}u{v/v/};
W v 2<i<ml<j<m); (/v 1<i<nl < j<m—1}; v/ 1<i<n2< j<m)
By algorithm 3.2, In all cases,
We get [f(v,))-f(vi)l > 2.
Ifv))-fv{™ = 3 for 1< i<n-1 and 1< j<m-1.
Ifv))-f(vi") = 3 for 1< i<n-1 and 2< j<m.
)i D= 1f,)-fv, 1 > 3 forl< j< m-land 2< j< m.
F(v))-fvis ) >2for 1< i< n-1 and 1< j< m; If(v../)-f(v/)] >2for 2< i<n and 1<j<m.
Thus for all i,j, we have [f(v;)-f(v)l = 2.
Case(ii): If d(v; v;)=2 then to prove [f(v;)-f(v)| > 1.
d(v; v;)=2 occur for the edges {v/v/"?:1<i<n-1;1< j<m-2};
v/ <i<n-13<j<m}; vv),viv] 1<i<n—2;1< j<m)

v ,:3<i<ml<j<m) (v 1<i<n—11< j<m—1} /v :1<i<n-1;2< j<m}

hviih2<isml<j<m-1}; (v 2<i<m2< j<m}.
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all the vertices at distance two have distinct labeling according to the algorithm 3.2.1.
Thus in this case we have If(v,)-f(v;)| > 1 for all i, j.

By algorithm 3.2, the vertices v,.," has the maximum label i.e., f(v,.,") = 2n+2.

Hence the Multi-storey of cycle graph C," has distance two labeling and A(C,") = 2n+2 .

Definition 3.4. A Star graph K|, is a tree in which one of the vertex have degree n and all the
other vertices are pendent vertices.

In the following algorithm, we give the construction and distance two labeling for Multi-storey
Star K , M 1In this graph, the star K, is placed in M stores and the n+1 vertices of star linked to
the corresponding n+1 vertices of the stars in succeeding layers. Next distance two labeling of
K, M is discussed in two cases. In the first case, distance two labeling for Multi-storey star K 1,,,M
with M < 4 is given. In the second case, distance two labeling for Multi-storey star K, with

M > 4 is given in four sub casesM =1(mod4),M =2(mod4),M =3(mod4)and

M =0(mod4).
Algorithm 3.5.

Input: Number of vertices of K, M
Output: Distance two labeling of vertices of the graph K,
begin

V(K!")= {UV(KI{n) V(K] )= v vl vl }}
j=1

i+l

E(K!")=\JEK]/ )\ JE where E(K] )={v/v}, :1<i<n1<j<m}U
j=1

E=(/v":1<i<n+1< j<m-1)
if (m<4)
{

forj=1tom
fori=1ton
FOH=20-D+3(j-1);
fOL)=2n=1:fv,)=1f () =4
}
if (m = 4)and (m =1(mod4))

m—1

forj=1to

fori=1ton
{
FOP) = fOor=26-1);
FOP)=260-1)+3;
fOH=2>1-1)+6;
fOy=21-1)+9;
FOI=fOr)=2n-D);
fo =1

foih =4
foy=1,
}
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else if(m > 4) and (m = 2(mod4))

forj=1to m-
fori=1ton
{

SO = for=26-1)
FOI) = fO) =260~ +3;
fOHY=20-1)+6;
fO)=26-1)+9;
fO=fOrh)=2n-1);
fOHH=fon)=1
foh=4
foH=1;
}

else if (m = 4)and (m = 3(mod4))

m-—3

forj=1to

fori=1ton

{
FOP = fOr?)=26-1);
FOTH=forH=26-D+3;
FOP Y= fom=2>G-1+6;
foy=2G-1+9;
FOH = =2n-1);
fo = fomh=1
fOHY=for =4
f(V::{l) =7
}

elseif(m = 4)and (m = 0(mod4))

m

forj=1to —

/ 4

fori=1ton
{

FO)=23-1);
FO)=2-D+3;
FeorH=2-D+6;
FO=2-1+9;
fo)=2n;
foH=1
forh=4
fon=T,

}

end.
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Theorem 3.6: The Multi-storey of Star graph K;," has distance two labeling and its span
MK = 2n47.
Proof: Consider the Multi-storey of Star graph K;,"” with the vertex and edge set defined as in
algorithm 3.5. Let the function f: V(Kl,,,M) — {0,1,2,..., 2n+7} be defined as in algorithm 3.5.
Now we have to prove this theorem using two cases.
Case (i): If d(v; v))=1 then to prove [f(v;)-f(v;)| > 2.
d(v;,vj))=1occur for the edges {v/v/  :1<i<n;1<j<m} and
v/ <i<n+ 1< j<m=1};(v/v/ 7 1<i<n+1;2< j<m}.
By algorithm 3.5, in all cases,
We get [f(v,.)-f(v/)| > 2 for 1<i <n; and 1< j<m.

Fv))-fvi*) = 3 for 1< i<n+1 and 1<j <m-1.

Ifv))-f(v{ )l =3 for 1< i<n+1 and 2<j <m.
Thus for all i,j, we have If(v)-f(v)l > 2.
Case(ii): If d(v; v;)=2 then to prove [f(v)-f(v)l > 1.
d(v; v))=2 occur for the edges {v/v/!| :1<i<m1< j<m—1},
v <i<n2<j<m} (/v 1<i<n+ 1< j<m =2} {(v/v/ 7 1<i<n+1;3< j<m)
and {v/v/ :1<ik<nandi#k;1< j<m}.
all the vertices at distance two have distinct labeling. Thus in this case we have [f(v)-f(v)l > 1
for all j, j. By algorithm 3.5, the vertices v, ¥ has the maximum label i.e., s Yy = 2n+7.
Hence the Multi-storey of Star graph K ,,,M has distance two labeling and A(K; ") = 2n+7.

4. DISTANCE TWO LABELING - MULTI-STOREY GRAPH OF SQUARED GRID

Definition 4.1. A two-dimensional grid graph is a graph which is Cartesian product of the path
P,, and P,.

We investigate distance two labeling for Multi-story of squared grids. Construction of Multi-
storey of grids is shown in below figure 2.

4
Vs

Vi

Figure 2. Multi-storey of P4xP,
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Example 4.2.

Distance two labelling of (PsxPs)’ is shown in below Matrix form

Stores M =1 2
0O 2 4 0 2 35 7 3 5)\(6

6 8 10 6 8 9 11 13 9 11]||12 14
12 14 16 12 14| |15 17 19 15 17| |18 20

0 2 4 0 2|3 5 7 3 5]|]|6

6 8 10 6 8 9 11 13 9 11)\12 14

8

8

3

10
16
22
10
16

6 8
12 14
18 20
6 8
12 14

9
15
21
9
15

17

4

13
19
25
13
19

11 0 2
17 6 8
231112 14
11 0 2
17 6 8

5

4
10
16
4

10

0 2
6 8
12 14
0 2
6 8

The entries of the matrices are the labels given to the vertices of the graph. There are 5 matrices
which represent the labeling of the five different layers of the Multi-story squared grid. The ij"
entry of the k™ matrices represent the distance two labelng of ij™ vertex lying in the k™ layer of
the Multi-story Graph. After the 4™ store the same values of the first four levels will be
repeated. In general for all values of n >3 and M >4 the maximum value used to label (span) the

Multi-storey of grid P,xP, is A =25.

Distance two labelling of first store in the Multi-storey of grid is given in below algorithm 4.3.
In this algorithm, the distance two labeling for grid P,xP,
n=1(mod3),n=2(mod3) and n=0(mod3).

Algorithm 4.3.

Input: Number of n’ vertices of P,xP,

Output: Distance two labelling f{v;) of n* vertices of the graph P, xP,

begin
V()= v
ij=1

nxn

if (n>3) and (n =1(mod3))

E(P, )={Vijvij+l H<isml<j<n-1}o{y

fori=1ton—_1
3

n—1

3

forj=1to
{

ijvi+lj

f(v3i—2,3j—2) = f(Vn.3j—2) =f(vy,,)= f(vn,n) =0;

FOys)=fW,5,)=2
S ) =f,5)=4
f(v3i—1.3j—2) = f(Vgi_l_,,) =6;

f(V3i—1.3j—1) =8
Jy5)=10;
FWy5,0)=f(vy,)=12;
f(VSijj—l) =14;
f(vy5;)=16;
}

elseif (n > 3) and (n =2(mod3))

-2

. n
fori=1to

1<i<n-1;1< j<n}

is given in three cases
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n—-2

forj=1to

{
f(v3i—2,3j—2) = f(vn—l,3j—2) =f W) =F 0,5, =0;
f(V3i—2,3j—1) = f(v3i—2,n) = f(vn—l,n) =2;
FOya3)=f,5)=4
f(VSi—l,3j—2) =fWy)= f(vn,3j—2) =f,,1)=6;
f(v3i—l,3j—l) =f(y,)= f(vn,3j—l) =f,,)=8
FOs5)=f,5;)=10;
f(V3i,3j—2) = f(v3i,n—l) =12
F O30 =f(vy,) =14
f(Vsi,3j) =16;
}
elseif (n = 3) and (n = 0(mod3))

fori=1t0E
3

n
forj=1to —
/ 3

{
Jf(Vsi055:0)=0;
f(v3i—2,3j—l) =2;
f(v3i—2,3j) =4
F(Vsis3,-0) =63
f(v3i—1,3j—1) =8
S vy5,)=10;
Fs5,0)=12;
f(VSiJj—l) =14;
S (vs5;) =165

}

end.

In algorithm 4.4, we give the construction of Multi-storey grid (P,xP,)" and assign the distance
two labeling. The grids P,xP, are placed in M stores and the n vertices of grid linked to the
corresponding n vertices of the grids in succeeding layers. In the first step we define Vertex set
and edge sets. In the successive steps 2 to 5 we assign distance two labeling of (P,xP,)" , M > 4
for four cases M =1(mod4) ,M =2(mod4),M =3(mod4)and M =0(mod4) respectively.

Algorithm 4.4,

Input: Number of mn’ vertices of (P,le,l)M
Output: Distance two labelling f{v;") of mn” vertices of the graph (P, xP,)M
begin

nxn nxn nxn

Stepl. Take vertex and edge set of grid as V(PY )= {UV(P" ):V(P' )= Lnj V;}
k=1

i, j=1
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ij Vt+l_/

E(RY)=\JEPLNJE where E(RL,) ={vive, r1<i<mi< j<n-1pO{vivl, (1<i<n-L1<j<n}
k=1

E ={yv;":1<i<ml< j<ml<k<m-1}

Step 2. Consider the distance two labeling f(v;;) from the above algorithm3.4.2.,
When m > 4 and m= 1(mod 4), the labeling of Multi-storey of grid will be as follows

fork =1to m-1

{
FORDY=FO = FO);
FORD = F)+3;
FOEY = F ) +6;
FOE = F@)+9;

)

Step 3. When m >4 and m=2(mod 4), the labeling of Multi-storey of grid will be as
follows

fork=1to m=2

{
FOID=f0IN=F )
FOE = =f,)+3
FOED=F ) +6;
FO=f)+9;

}

Step 4. When m >4 and m=3(mod 4), the labeling of Multi-storey of grid will be as
follows

fork=1to m=3

{

O = O = )
fOFED =0 =f)+3;
FOED = FOI = f ) +6;
f(v;k)=f(vl.j)+9;

}

Step S. When m > 4 and m=0(mod 4), the labeling of Multi-storey of grid will be as
follows

fork=1t0ﬂ

{
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FO=fy;
FOF=f)+3;
f(v;k’l) =f(v,;)+6;
FO=f)+9;
}

end.

Theorem 4.5: The Multi-storey of Grid (P,xP,)" has distance two labeling and its span
A(PxPY") = 25.

Proof: Consider the Multi-storey of grid (P,xP,)" with the vertex and edge set defined as in
algorithm 4.4. Let the function f: V((P,le,,)M) — {0,1,2,..., 25} be defined as in algorithm 4.4.
Now we have to prove this theorem using two cases.

Case (i): If d(v; v))=1 then to prove [f(v;)-f(v)| = 2.

d(v;,v))=loccur for the edges {v vi  1<i<ml<j<n—-1;1<k < m} ;

ij+l

(i sisma<j<mi<k<m)i{vpvl, 1<isn-LI<j<mi<k<m}:

ik, 2<ismi<j<ml<k<m){vivi":1<i<ml< j<ml<k<m-1}and

(vl I<isml< j<m2<k<m}.

By algorlthm 4.4, in all cases,

We get f(v,] )f(v,ﬁ] N>2 for 1<i<n; 1<j<n-1and 1<k<m.
f(v,J )f(v,JI )|>2 for 1I<i<n;2<j<mnand 1<k<m.
f(vu )f(vl+1] )>2for 1<i<n-1;1<j<nand 1<k<m.
f(vu)f(vllj N>2for 1<i<m2<j<nand I<k<m.
f(v,, )-f it =3for 1<i <m;1<j<nand 1< k< m-1.
If(vi)-fv ' =3for 1< i <n;1<j <n and 2< k< m.

Thus for all i,j, we have [f(v;)-f(vp)l > 2.

Case(ii): If d(v; v;)=2 then to prove [f(v;)-f(v)| > 1.

(v, vj) 2 occur for the edges

Vi lSi<ml< j<n-21<k<mp{viv,1<i<m3<j<ml<k<m};

Vv 1£i£n—2;1£j£n;1£k£m} {vv 3Si£n;1£j£n;1£k£m};

ij 1+2] ijri=2j

i <isml< j<n-ti<k<m-1{vivi<i<n2< j<mi<k<m-1};

<

<

ij 1+1/ 1] 1 1j *

Vi ISiSn;ISan—l;ZSksm} {V iV

<ism2< j<m2<k<m};

k. k=1 . . . . k| k=1 : . : . .
ViVin, : 1SlSn—1,ISJSn,ZSkSm} {vjvl YR 2Sz£n,1£]£n,2£k£m}, and

{
{il i<isn-ni< jsmi<k<m-1{vp 2<ismi< j<mi<k<m-1};
(vl <ismi<j<mi<k<m-2}i{vivi 1<i<ml< j<m3<k<m}.

all the vertices at difference two have distinct labeling. Thus in this case we have [f(v)-f(v)l > 1
for all i, j. By algorithm 4.4, the maximum labelling number is 25.
Hence the Multi-storey of Grid (P,xP,)" has distance two labeling and its span A((P,xP,)") =25.
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S. PLANAR GRAPH WITH MAXIMAL EDGES
5.1. Construction for Planar Graph with Maximal Edges PI,

The following definition and properties of planar are introduced by J. Baskar Babujee [1]
Definition 5.1.1: [1]:Let K, = (V,E) be the complete graph with n vertices V(K,) ={1,2,...n}and
n(n-1)/2 edges E(K,) ={(i.j): 1<i,j<n and i<j}.The class of planar graphs with maximal edges
over n vertices derived from complete graph K, is defined as PI,= (V, E), where V=V(K,) and
E=EK,)\{(kl): k=3ton-2,1=k+2ton)].

Va1 - M

Y1

Fig 3.

The number of edges in Pl,: n =5 is 3(n-2). A planar graph divides the plain into areas which
we call faces. By Eulers formula m — n + 2 = f (where f is the number of faces). In PI, the
number of faces f = 3(n-2)-n+2 = 2(n-2). Hence In Pl,: 2m - 3f = 0 i.e., 2deg (v) = 3f where
deg(v) denotes degree of a vertex v. There are exactly two vertices with degree 3, two vertices
with degree (n — 1) and all other vertices with degree 4.

In the following algorithm, we give the construction and distance two labeling for Multi-storey
Planar graph PI,". In this graph, the planar graph PI, is placed in M stores and the n vertices of
PI, linked to the corresponding n vertices of the planar Pl,‘s in succeeding layers. The distance
two labeling of PI," is discussed in two cases. In the first case, distance two labeling for Multi-
storey planar graph PI," with M < 4 is given. In the second case, distance two labeling for

Multi-storey ~planar graph PL" with M > 4 is given in four sub cases
M =1(mod4) ,M =2(mod4), M =3(mod4)and M =0(mod4).
Algorithm 5.2.

Input: Number of vertices mn of PLM
Output: Distance two labeling of vertices of the graph PI,"
begin

V(PIM)= {UV(PI,{) V(PUY={v/ v],...,v] }}

Jj=1

n-1°

E(Plf):UE(Pl;’)UE' where E(PI)) ={v/v/ ,v/v/: 1<i<n-2 JU{v}v], 1<k <n-3}U{v] v/}
j=1

E =" <i<nl<k<m-1)
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if (m<4)
forj=1tom
fori=1ton-1
{
JOH=2-D+3(j-1);
fo)=1
fon=4
foN=1;
}
if (m24) and (m =1(mod4))
m—1

forj=1to

fori=1ton-1

{
fEI = fOM=26-1);
FOH=26-1+3;
FOY=2-1)+6;
FOMY=23-1)+9;
fO=f)=2n-1;
[ =1
for =4
foH=1
}

else if(m > 4) and (m = 2(mod4))

m—2

forj=1to
fori=1ton-1

{
FOT)=f0r) =261
FOT =0 =2-D+3;
fOPH=2(-1)+6;
FO=2-1+9;
FOI =0 =2mn-1;
[ =fen=1
foih=4
fOH=1;
}
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else if (m > 4) and (m = 3(mod4))
m—3

forj=1to

fori=1ton-1

{
FOH) = f?)=2(-D);
fO= fOr=26-1)+3;
fOT =) =26-D+6;
fO)=2(-1)+9;
FO) =) =2n-D;
fOrH=forh=1
fOrhH=rorn=4
foH=1;
}

elseif (m > 4) and (m = 0(mod4))

. m
forj=1to 7
fori=1ton—1
{
SO =26-1);
FOI) =261 +3;
fe N =21-1+6;
fE=26-1)+9;
fO)=20n-1);
fo =L

for =4
fo)=1
}

end.

Theorem 5.3: The Multistage of Planar graph P, with maximal edges has distance two
labeling and its span A(PL,") = 2n+7.

Proof: Consider the Multistage of Planar graph PI," with the vertex and edge set defined as in
algorithm 5.2. Let the function f V(Pl,,M) — {0,1,2,..., 2n+7} be defined as in algorithm 5.2.
Now we have to prove this theorem using two cases.

Case (i): If d(v; v)=1 then to prove [f(v)-f(v)l = 2.
d(v;,v))=loccur or the edges{v.jvj vl 1<i<n-2;1<j<

i “n-1° m }’
{vifvl.{rl :1Si$n—3;l$J'Sm};{v,.fvij_l 12<i<n-3;1<j<m ;{v,{_lv,{ :ISkSm}
{vl."vl.j*l 1<i<ml< jSm—l} and {vl.jvl."’l :ISiSn;2§jsm}
By algorithm 5.2., A A
We get [f(v/)(v,.)| = 2 and [fv))f(v;)| =2 for 1<i,<n-2 and 1< j<m.
If(v!)-f(vis i ) = 2 for 1< i< n-3 and 1< j<m; If(v/)f(v;./ ) =2 for 2< i< n-2 and 1< j<m.
!f(vn;lj)'f(ynj)l = 2 fOI‘ 1§]§m
fv))-f(v{*H1 > 2 for 1<i,<n and 1<j <m-1.
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Ifv)-fvi > 2 for 1<i,<n and 2<j <m.
Thus for all i,j, we have [f(v,)-f(v)l > 2.
Case(ii): If d(v; v;)=2 then to prove [f(v;)-f(v;)| > 1.
d(v; vj))=2 occur for the edges {vl.jvl.j+2 1<i<n-4;1<j< m};{vl.jvl.{2 3<i<n—-41<j< m};
{vl."v’u'1 :1Si£n—3;1£jSm—l};{vl.jij'l :2Si£n—3;1£j£m—1}

i+l i-1

i Ui+l

{vivila<isn-32<j<mps{v/v ] 2<i<n-32< j<m]

Pyt < Y ST RS S S ;
{Vn_an Vv .IS]Sm—l},{vn_lvn 3V .2SJSm}and

n " n-1 n " n-1
{viv/ 2 a<i<mi<j<m-2){v/v/ 2 1<i<m3< j<m}.

all the vertices at difference two have distinct labeling. Thus in this case we have If(v)-f(v)l > 1
for all j, j. By algorithm 5.2., the vertices v,. .Y has the maximum label i.e., [ 14’) =2n+7.
Hence the Multistage of Planar graph PL," has distance two labeling and A(PI,") = 2n+7.

6. UPPER BOUND FOR SPAN OF MULTI-STOREY SIMPLE GRAPHS

A Simple graph said to be complete if every pair of vertices is joined by an edge. The Maximum
degree for Multi-storey of Complete Graph is A,, = n+1. By the section 2, Maximum degree for

Multi-storey of simple graphs is less than n+1, So the upper bound for span of any Multi-storey
simple graph is equal to the span value of Multi-storey of Complete graph.

In the following algorithm, we give the construction and distance two labeling for Multi-storey
Complete graph K,". In this graph, the Complete graph K, is placed in M stores and the n
vertices of K, linked to the corresponding n vertices of the planar K, ‘s in succeeding layers. The
distance two labeling of PI," is discussed in two cases. In the first case, distance two labeling
for Multi-storey Complete graph K," with M < 4 is given. In the second case, distance two
labeling for Multi-storey Complete graph K,” with M > 4 is given in four sub cases
M =1(mod4) ,M =2(mod4), M =3(mod4)and M =0(mod4).

Algorithm 6.1.

Input: Number of vertices mn of K,
Output: Distance two labeling of vertices of the graph K,
begin

V(K;”)z{UV(K;):V(K;')={v{,vg,...,v;}}
j=1
EK!")=|JEK)| JE where E(K])={v/v]:1<ik<nandi#k}
j=1
E =" i1<isml<k<m-1)
if (m < 4)
forj=1tom
fori=1ton

{
fO)=G=D+3(j-D;
}
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if (m > 4) and (m =1(mod4))

m-—1

forj=1to

fori=1ton

{
fOH =M =23-1)
FOY=23-1)+3;
FOHY =23 -1 +6;
fO)=20-D+9;
}

else if(m > 4) and (m = 2(mod4))

forj=1to m=2

fori=1ton

{
FOI)=forhH=26-1;
FEI) = fOI) =26 +3;
feoh=231-1+6;
FOY=2>1-1)+9;
}

else if(m > 4) and (m =3(mod4))

forj=1to m=3

fori=1ton

{
FOIH =0 =26-1)
fOI) =) =260-1)+3;
fOD= O =26-D+6;
fO)=2-1+9;
}

elseif (m > 4) and (m =0(mod4))

m

forj=1to —

J 4

fori=1ton
{

Fe)=23-1;
fO)=20-1)+3;
FeH=2-D+6;
Fe)=2-1)+9;
}

end.

Theorem 6.2: The Multi-storey of Complete graph K, has distance two labeling and its span
MK = 2A,, +5.

42



International journal on applications of graph theory in wireless ad hoc networks and sensor networks
(GRAPH-HOC) Vol.2, No.3, September 2010

Proof: Consider the Multi-storey of Complete graph K," with the vertex and edge set defined as
in algorithm 6.1. Let the function f: VKM — {0,1,2,..., 2A w 15} be defined as in algorithm
6.1. Now we have to prove this theorem using two cases.
Case (i): If d(v; v)=1 then to prove [f(v,)-f(v) = 2.
d(v;,v)=loccur for the edges {v/v/ :1<i,k <nandi# k;1< j <m}and for the edges
iv/7h1<i<nl< j<m—1}.
By algorithm 6.1., in all cases,
We get If(v))-f(v{)| > 2 for 1<i, k <nm;i+# kand 1< j<m.

fv))-fvi*) =3 for 1<i<nand 1<j <m-1.
Thus for all i,j, we have [f(v;)-f(v)l = 2.
Case(ii): If d(v; v;)=2 then to prove [f(v;)-f(v)| > 1.
d(v; v)=2 occur for the edges {v/v/"' :1<i,k <nandi#k;1< j<m—1};
v/ 1<i<ml< j<m=2}and {(v/v/ 7 :1<i<n;2< j<m}.
all the vertices at difference two have distinct labelling. Thus in this case we have [f(v)-f(v)l = 1
for all 4, j. By algorithm 6.1., the vertices v,” has the maximum label i.e., {v,") = 2A,, +5.
Hence the Multi-storey of Complete graph K," has distance two labeling and A(K,") =
2A,, +5.

Corollary 6.3: Upper bound span value A(G") for Multi-storey of any simple graph is
2A,, +5.

Proof: To prove the upper bound, ingeneral we are consider the Complete graph K, with n
vertices. Let K," be the Multi-storey of K,,.

From the theorem 6.2.,

When m =1 (mod4), The labeling numbers will be {0, 2, 4, ..., 2(n-1)}.

When m =2 (mod4), The labeling numbers will be {3, 5,7, ..., 2(n-1) +3}.

When m =3 (mod4), The labeling numbers will be {6, 8, 10, ..., 2(n-1) +6}.

When m =0 (mod4), The labeling numbers will be {9, 11, 13, ..., 2(rn-1) +9}. Then the
Maximum labeling number used or span is 2(n-1) +9 = 2A,, +5, where A,, =n+1. Since
the upper bound span value of any simple graph cannot be more than the Complete graph.

Hence the upper bound span value A(G") for any simple graph is 2A,, +5.

7. CONCLUSIONS

A Multi-storey graph is clearly a three dimensional graph. As more and more transmitters are
introduced for communication networks, to avoid interference we can arrange the graphs in
different layers to interpret a Multi-storey graph. This distance two labelling notion will be
useful to reduce the interference by choosing the frequency in such type of networks in different
layers.
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