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ABSTRACT

In this paper, we introduce the notions of m-shadow graphs and n-splitting graphs,m=2, n>1. We

prove that, the m-shadow graphs for paths, complete bipartite graphs and symmetric product between
paths and null graphs are odd graceful. In addition, we show that, the m-splitting graphs for paths, stars
and symmetric product between paths and null graphs are odd graceful. Finally, we present some examples
toillustrate the proposed theories.
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1. INTRODUCTION

Graph labeling have often been motivated by practical problems is one of fascinating areas of
research. A systematic study of various applications of graph labeling is carried out in Bloom
and Golomb [1]. Labeled graph plays vital role to determine optimal circuit layouts for computers
and for the representation of compressed data structure.

The study of graceful graphs and graceful labelling methods was introduced by Rosa [2]. Rosa
defined a B-valuation of a graph G with q edges as an injection from the vertices of G to the set
{0,1,2,..., 0} suchthat when each edge xy is assigned the label |f (X) — f (y)|, the resulting edge
labels are distinct. B-Valuations are the functions that produce graceful labellings. However, the
term graceful labelling was not used until Golomb studied such labellings several years later [3].
The notation of graceful labelling was introduced as a tool for decomposing the complete graph
into isomorphic subgraphs.

We begin with ssimple, finite, connected and undirected graph G = (V, E) with p vertices and q
edges. For all other standard terminology and notions we follow Harary[5].

Gnangjothi [6] defined a graph G with g edges to be odd graceful if there is an injection f from
V(G)to{0, 1, 2,...,29-1} suchthat, when each edge xy is assigned the label [(X) - f(y)I Seoud
and Abdel-Aal [7] determine all connected odd graceful graphs of order at most 6 and they
proved that if G isodd graceful, then G [0 K, , isodd graceful for all m, n>1. In addition, they
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proved that many families of graphs such as splitting of complete bipartite graph, Cartesian
product of paths, symmetric product for paths with null graph, conjunction of paths and
conjunction of pathswith stars are odd graceful.

We know that, the shadow graph D,(G) of a connected graph G is constructed by taking two
copies of G say G and G’ . Join each vertex u in G to the neighbors of the corresponding
vertex vin G . Also we know that, the splitting graph G is obtained by adding to each vertex v a

new vertex v suchthat v isadjacent to every vertex which is adjacent to vin G. The resultant
graph is denoted by $l(G).

Vaidya and Lekha [8] proved that the shadow graphs of the path P, and the star K;, are odd
graceful graphs. Further they proved in [9] that the splitting graphs of the star Ky, admit odd
graceful labeling. Moreover, Sekar [10] has proved that the splitting graph of path is odd graceful

graph. Also, Seoud and Abdel-Aal [7] proved that Spl (K, ), Sl (P, @ K, ).

In this paper, we introduce an extension for shadow graphs and splitting graphs. Namely, for
any integersm =1, the m-shadow graph denoted by D, (G) and the m splitting graph denoted
by Spl+(G) which are defined as follows:

Definition 1.1. The m-shadow graph D(G) of a connected graph G is constructed by taking m-
copies of G , say G,,G,,G;,...,G,,, then join each vertex u in G; to the neighbors of the

corresponding vertex vin G, 1<i, j <m.

Definition 1.2. The m- splitting graph Spl(G) of a graph G is obtained by adding to each vertex
v of G new mvertices, say v',v?,v®,...,v", suchthatv' 1<i<m isadjacent to every vertex
that isadjacenttovin G.

By definitions, the 2-shadow graph is the known shadow graph D,(G) and the 1- splitting graph
is the known splitting graph.

In our study, we generalize some results on splitting and shadow graphs by showing that, the
graphs Di(Py), Dm (Pn O K, ), and Dy(K; ¢ for each m,n,r,s=1 are odd graceful. Moreover,

we also show that the following graphs Spl(Pn), Splm(Kyn), Solm (Pr O K_2 ) are odd graceful.
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2.MAIN RESULTS

Theorem 2.1.

Dn(Pn) isan odd graceful graph for all m, n >2.
Proof. Consider m-copies of P, Let u),u),ul,..,u’ be the vertices of the j" -copy of P,,
1< j<m. Let G be the graph D(P,), then |V (G)| = mn and q = |E(G)| = m?(n — 1).
Wedefinef: V(G) - {0, 1,2, ..., 2 mé(n— 1) - 1} asfollows:
f(ul) = Rg-1-m*(i -1 -2m(j -1 i=135.,norn-1 1<j<m,

| Enz(i—2)+2(j -1) i=2,46,..n-lorn 1<js<m

The above defined function f provides odd graceful labeling for D(P,). Hence D(Py) isan odd
graceful graph for each m,n=1.

Example 2.2. An odd graceful labeling of the graph D4(Pg) is shown in Figure 1.

135 6 103 38 71
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Figure 1: The graph D, (Ps) with its odd graceful 1abeling.

Theorem 2.3. Dy(K,¢) isan odd graceful graph for all m, r, s> 1.

Proof. Consider m-copies of K, Let u/,ul,ul,...,u) and v/ ,v},v},..,v! be the vertices of
thej™-copy of K,s,1< j <m. Let G bethe graph D(K.¢), then |V (G)| = m(r+s) and q = |E(G)|
=m’rs. We define

f:V(G) - {0,1,2,...,2m°rs- 1}
asfollows:

fu)=23-1+2r(j-1), 1<is<r, 1<j<m

f(vl)=2q-1-2mr(i-1)-2mrs(j-1), 1<i<s 1<j<m



International journal on applications of graph theory in wireless ad hoc networks and sensor networks
(GRAPH-HOC) Val.5, No.2, June 2013

Above defined labeling pattern exhausts all possibilities and the graph under consideration admits
odd graceful labeling. Hence D(K | ¢) isan odd graceful graph for eachm, r, s> 1.

Example 2.4. An odd graceful labeling of the graph D3(K34) is shown in Figure 2.

161 17 19

143 35
10
12 53

10
71

89

Figure 2: The graph D3(K34) with its odd graceful labeling.
Remark 2.5.

In Theorem 2.1, if we take m = 2 we obtain the known shadow path also, when wetake m=2, r
=1 in Theorem 2.3 we obtain the known shadow star. These special cases of our results are
coincided with Vaidya’s results in [8, theorems 2.6, 2.4]; respectively.

Let G; and G, be two digoint graphs. The symmetric product (G; 0 G,) of G; and G, is the graph
having vertex st V(G x V(G;) and edge set{(u;, vi) (U, Vo): uwuwd E(Gy) or
ViV, [0 E(G,) but not both} [4].

In [11] Seoud and Elsakhawi shown that P, [ K_2 is arbitrary graceful, and in [7] Seoud and
Abdel-Aal proved that the graphs P, U K_m ,m, n=2areodd graceful. The next theorem shows
that the m-shadow of (P, & K_z) for each m, n=> 2 isodd graceful.

Theorem 2.6.

The graph Dy, (P, O K_z) ,m,n=2is odd graceful.
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Pr oof.

Let ul,ul,ul,....,ul,vi,vi Vi ..., vibethe verticesof P, 0 K, and suppose u/,ul,ul,...,ul,
v/, vivi vl be the j" -copy of P, O K,,l<j<m. Then the graph

G=Dn(P,O K_z) can be described asindicated in Figure 3.
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Figure 3

Then the number of edges of the graph G is 4m? (n-1). We define:

f:V(G) - {0,1,2, ..., 8 m*(n-1)-1}

asfollows:
{2q-)-4n’(i-D-8m(j-1, i=135.n,j=12..m
fu)=0
(i - 2) + 4(j - 1), i=246,.n ,j=12...m
(P[q-2m?*(i —1) - 4mj + 2m] -1, i=135,..n ,j=12..m
fv)=h
Ham?(j - 2) + 4] -2, i=246,.n,j=12..m

In accordance with the above labeling pattern the graph under consideration admits odd graceful
labeling. Hence D, (P, @ K, ) isan odd graceful graph for eachm, n> 1.
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Example 2.7. An odd graceful labeling of the graph D;(P, @ K_z) isshownin Figure4.

10 83
TIPS
OB SSHN SKIN

RURINLURNLIEN
NIRRT S LYRK
JORX SIRX R

ViV
0

143 72

80

Figure 4: The graph D3(P, O K_2 ) with its odd graceful labeling.
Theorem 2.8.
The graph D, (P, x P,), n= 2 is odd graceful.

Proof. Let u;,ui,u;,..,U-,Vi,V;,Vs,...,Vobe the vertices of P, x P, and suppose

uZ,ui,uZ,..,u’,v2,v,v2,.,v>, be the second copy of P, x P, The graph

G=Dy(P, * P,) is described asindicated in Figure 5.

u;

Clearly, the number of edges of the graph Gis12n - 8. We define:
f:V(G) - {0,1,2, ..., 24n-17}
asfollows:

02[q - 6(i - 1) - j] +1, i=135,.n ,j=12,
_ 0
f(u')=10
Hasi+ j-2), i=246,.n ,j=12.
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04(3i - j - 1) i=135.n ,j=12,
f(v/)=t
Ho(q - 6i + ) + 3, i=246.0 =12

In view of the above defined labeling pattern the graph under consideration admits odd graceful
labeling. Hence D, (P, % P,) is an odd graceful graph for each n= 2.

Example 2.9. An odd graceful labeling of the graph D, (P, x P,) is shown in Figure 6.

Figure 6: The graph D, (P, % P,) with its odd graceful labeling.
3. THE M-SPLITTING GRAPHS

Theorem 3.1. Thegraph Spl(P,) for each m,n = 2 isodd graceful.

Proof. Let ul,ul,u?,...,u’ bethe vertices of P, and suppose u/,ul,ul,..,ul, 1< j<m be

the j"" vertices corresponding to u.,uy,ud,...,u’, which are added to obtain Spl.(P.). Let G be
the graph Spl(P,) described asindicated in Figure 7

Figure7

Then |V (G)| = n(m+1) and g=|E(G)| = (n— 1)(2m+1). We define
f:V(G) - {0,1,2,...,2(n—1)(2m+1) - 1}

asfollows:
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f(U_O)ZBIZq—i, 1=135,..,nor n-1
oa-2 i =2,4,6,...,n=1or n.

F(u)) = (Pq-i—-4(n-1)j, i=135,..,norn-1 1<j<m,
T -nRj-D+i-2, i=246..n-lorn 1<js<m

The above defined function f provides odd graceful labeling for the graph Spl(P,). Hence
Spl(Py,) isan odd graceful graph.

Example 3.2. Odd graceful labeling of the graph Spl4(P-) is shown in Figure 8.

107 0 105 2 103 4 101
Figure 8: The graph Spl4(P;) with its odd graceful 1abeling.

Theorem 3.3. The graph Spl.(K1, ) isodd graceful.

Proof. Let u;,u,,U,,..,u, be the pendant vertices and u,be the centre of K;, , and
ul,u’,ul,..,ul, 1< j<m are the added vertices corresponding to U,,U;,U,,Us,...,U, to
obtain Spl(Kyn ). Let G be the graph Spl(Ky, ). Then [V (G)| = (n+1)(m+1) and q = [E(G)| =
n(2m+1). We define the vertex labeling function:

f:V(G) - {0,1,2,...,2n(2m+1) - 1} asfollows:

f(u) =29-1,

fu)=2(i-1, 1<is<n,
fu)=02q-)-2n, 1<j<m,
fu)=2n(m+j)+2( -1, 1<isn 1l<jsm

In view of the above defined |abeling pattern the graph under consideration admits odd graceful
labeling. Hence Spl(Ky ) isan odd graceful graph.

Example 3.4. An odd graceful labeling of the graph Spl,(K 4) isshownin Figure9.
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Figure 9: The graph sply(Ky4) with its odd graceful labeling.

Theorem 3.5.
Thegraphs Sl (P, @ K_2 ) ,m,n2>2areodd graceful.

Proof. Let u;,u,,Us,...,U,;V,,V,,Vs,...,V, bethe vertices of the graph P, O K_2 and suppose
u,ul,ul,...ul, 1<j<m be the j™ vertices corresponding to U,U,,U,,...4, and
V), vl vl V) 1< j<m be the | vertices corresponding to V,,V,,V,,...,V, which are

added to obtain Spl, (P, O K, ). The graph Sply, (P, O K, ) is described asindicated in Figure
10.

Figure 10

Then the number of edges of the graph Spl.,, (P, O K_2 ) = 42m+1)(n-1).
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We define;
f:V(Sply (PaO K, )) - {0, 1,2, ...82m+ 1)(n-1) - 1},

First, we consider the labeling for the graph P, O K_2 as follows:;

[(Zq—2(2m+1)i +2m -1, i =1,35,..nor n-1
f(u)=0

Hi (2m+1)i — 4 -6, i =246,.n—-1or n

[ g—-2(2m+Di +2m] +3 i =1,35,..nor n—1
f(v)=0

Fiem+1)( -2), i=246,..n-1or n.

For labeling the added vertices u’,v/,1<i<n, 1< j<m we consider the following two
Ccases:

Case(i): ifiisodd, 1<i < n we havethe following labeling, foreach 1< j<m
f(u))=2[q-2(2m+1)i-2j+4m]+7,
f(v))=2[q-2(2m+1)i-2j+2m] -1

Case(ii): ifi even, 2<i <n and 1< j £ m we have the following labeling:

A[(2m+21)i + j -3m-1], j=135,..m or m-1
O
f(u')=0
Hip(zm+1)i + j -3m] -6, j=246,..m-1or m.

Now we label the remaining verticesv,
ifieven, 2<i<nand m=1(mod2), 1< j < m we have thefollowing labeling:
A (2m+Di + j —2m] -6, j=135,..m

f(v)=0
Bi@em+Di+j-2m-1, j=246,..m-1

10
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if ieven, 2<i<nand m=0 (mod2), 1< j <m we have the following labeling:

A @2m+Di + j —2m-1], j=135..m-1
0
f(v')=0
Hi@m+Di+j-2m -6  j=246..m

In accordance with the above labeling pattern the graph under consideration admits odd graceful
labeling. Hence Spl, (P, O K, ) isan odd graceful graph.

Example 3.6. Odd graceful labelings of graphs Spl, (P4 O K_z) and Spl; (P4 O K_Z) are shown
in Figure (11a) and Figure (11b) respectively.
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Figure (11a) m = 0 (mod 2), Figure (11b), m=1 (mod 2)
Figure (11a), Figure (11b): The graphs spl, (P, 0 K, ) and Spls (P, 0 K, ) with their odd
graceful labelings respectively.
Remark 3.7.

In Theorem 3.1, 3.3, 3.5 if we take m = 1 we obtain the known splitting graphs (path, star and P,
O K, ; respectively). These specia cases of our results are coincided with the results which had

been obtained in the articles (Sekar [10], Vaidya and Shah [9], Seoud and Abdel-Aal.[7] ;
respectively).

11
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4. CONCLUSION

Since labeled graphs serve as practically useful models for wide-ranging applications such as
communications network, circuit design, coding theory, radar, astronomy, X-ray and
crystallography, it is desired to have generalized results or results for a whole class, if possible.
In this work we contribute two new graph operations and several new families of odd graceful
graphs are obtained. To investigate similar results for other graph families and in the context of
different labeling techniques is open area of research.
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