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ABSTRACT

In[8] Liang and Bai have shown that the kC4 — snake graph is an odd harmonious graph for eachk = 1.
In this paper we generalize this result on cycles by showing that the kCn — snake with string 1,1,...,1 when
n =0 (mod4) are odd harmonious graph. Also we show that the KC, — snake with m-pendant edges for
eachk,m =1, (for linear case and for general case). Moreover, we show that, all subdivision of 2mA, -

snake are odd harmonious for eachk,m=1. Finally we present some examples to illustrate the proposed
theories.
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1. INTRODUCTION

Graph labeling is an active area of research in graph theory which has mainly evolved through its
many applications in coding theory, communication networks, mobile telecommunication
system. Optimal circuits layouts or graph decompositions problems, no name just afew of them.

Most graph labeling methods trace their origion to one introduced by Rosa [1] called such a
labeling a B-valuation and Golomb [2] subsequently called graceful labeling, and one introduced
by Graham and Sloane [3] called harmonious labeling. Several infinite families of graceful and
harmonious graphs have been reported. Many illustrious works on graceful graphs brought a tide
to different ways of labeling the elements of graph such as odd graceful.

A graph G of size q is odd-graceful, if thereisan injection f fromV (G) to {0,1,2,..., 2q -1} such
that, when each edge Xy is assigned the label or weight [(x) - f(y) 0 the resulting edge labels are
{1,3,5,...,2q9-1}. Thisdefinition was introduced by Gnangjothi [4]. Many researchers have
studied odd graceful labeling. Seoud and Abdel-Aa [5] they determine al connected odd
graceful graphs of order < 6. For a dynamic survey of various graph labeling problems we refer to
Gallian [6].
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Throughout this work graph G = (V(G), E(G)) we mean a simple, finite, connected and
undirected graph with p vertices and q edges. For all other standard terminology and notions we
follow Harary [7].

A graph G is said to be odd harmonious if there exists an injection f: V(G) - {0, 1, 2, ..., 2¢0-1}
such that the induced function f : E(G) —{1, 3, ..., 2q — 1} defined by f (uv) = f(u) + f(v) isa
bijection. Thenfissaid to be an odd harmonious labeling of G [§].

A graph kC, —snake was introduced by Barrientos [9], as generalization of the concept of

triangular snake introduced by Rosa[10].

Let G be a kC, —snake withk 2 2. Let u,,u,,...,u,_, be the consecutive cut-vertices of G.
Let d, be the distance between u;, and u,,, in G, 1<i <k —2and the string(d,,d,,...,d,_,) of
integers. Hence, any graph G = kC_ —snake, can be represented by a string. For instance, the
string (from left to right) of the 8C, — snake on Figure (4) is 2,2,1,2,1,1. Gracefulness of the
kind of kC, —snake studied by Gnangjothi have string 1, 1,..., 1. And the labelings given by
Ruiz considered by kC, —snake with string 2,2 ,...,2. We obtain in Theorem 2.4 an odd
harmonious labelings of the KC, —snake with string 1,1,...,1. If the string of given kC_ —snake
nQ OnQd

thQ
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This paper can be divided into two sections. Section 1, we show that the graphs kC, — snake O
mk;, (the graph obtained by joining m-pendant edges to each vertex of kC, —snakek,m=1) for

is we say that kC — snakeislinear.

linear and general cases of KC, —snake for each k =1 are odd harmonious. We also obtain an
odd harmonious labeling of kC, —snake with the sequence string is 1, 1,.., 1 and when
n =0 (mod4). In section 2, we show that, an odd harmonious labeling of the all subdivision of
double triangular snakes (24, -snake). Finaly, we prove that the al subdivision of 2mA, -
snake are odd harmoniousfor eachk,m=>1.

2. MAIN RESULTS

In [8, Corollary 3.2 ] Liang and Bai in Corollary 3.2 (2) when i =1, they have shown that, the
kC, — snake graph is an odd harmonious graph for eachk = 1. We extended this result to obtain

an odd harmonious labeling for the corona kKC, — snake graph (the graph obtained by joining m
pendant edges to each vertex kKC, —snake,) are denoted by kC, — snake © mk; .

Theorem 2.1.

Thelinear graphs kC, —snake © mk; are odd harmonious for k,m=>1
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Proof. Consider the linear graph KC, —snake, k=1 which has the verticesw, , u;, and v,
where i =012,...,k, j =12,...,k. Inorder to get the linear KC, —snake ® mk,, k,m=1, we
add m-pendant edges W/, U\, and V; to each vertex of Wi ,u,, and v, respectively such that

| =0,12,...m. Now, let G be the linear kC, —snake © mk; , k,m=1 be described as
indicated in Figure 1.

Figure 1

It is clear that the number of edges of the graph H isq = 4k + m(3k+1) . We define the labeling

function f: V(G) - {0, 1, 2, ..., 8k+2m(3k+1) - 1} asfollows:
f(w)=4i, 0<ic<k.
f(v,)=4i-3, 1<i<Kk,
f(u)=4i-1 1<i<k,
f(w)=2[g-j-(m+2)i]+1, 0<i<k, 1<j<m
fu')=4k(m+2)-2j-4m+Di+2m+2, 1<i<k, 1<js<m
f(v))=4k(m+2)-2j-4m+1(i-1), 1<i<k, 1l<j<m,

The edge labels will be asfollows:

« Thevertices W, v;, 1<i <k, induce the edge |abels

f(w_)+f(v)=8-7,1<i<Kk.
e Thevertices W._,, U, 1<i <K, induce the edge labels
f(w_)+f(u)=8 -5 1<i<Kk.
e Thevertices v, ,w. 1<i <k, induce the edge labels
f(v,)+ f(w)=8-3,1<i<k.
« Thevertices u,,w, 1<i <k, induce the edge labels
f(u)+f(w)=8-1,1<i<Kk.
The remaining odd edge |abels from 8k+ 1 to 2k+2m(3k+ 1) are obtained from the following
o f(u)+f(u))=4k(m+2)-2j-4mi+2m+1, 1<i<k, l<jsm
o f(v)+ f(vjj) =4k(m+2)-2j-4mi +4m+1, 1<i<k, 1l<j<m,
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« fw)+fWw)=2q-j-m]+l O<isk, 1<js<m,
Sof{ f(u)+ f(v): uwOE(G)}={135,..., 20-1}. Hence the graph G is odd harmonious.

Example 2.3. An odd harmonious labeling of the graph linear 3C, —snake © 2K, is shown in
Figure (2).

40 38 28 26 16 14
Figure (2): Thegraphlinear 3C, —snake ©® 2K, with its odd harmonious labeling.

For the general form of cyclic graph we obtain the following resuilt.

Theorem 2.2.
The following graphs are odd harmonious

(i) KC, —snakeforeach k=1,
(i) kC, —snake © mk; for each k,m=1, (thegeneral form).

Proof.

The graph kC, — snake can be considered as a bipartite graph (one partite set has black vertices
and the other has white vertices) it is possible to embed it, on a square grid as is showed in the

next Figure 3.

Figure3

L]

Let G be the graph kC, —snake © mk, which obtained by joining m- pendant edges to each
vertex of kC, —snake. Then V(G)| = (m+1)(3k +1) and |E(G)| = 4k + m(3k +1). Now, we
are running the following steps sequentialy in order to prove the Theorem:

Step 1. Since kC, — snake is a bipartite graph so it has one partite set has black vertices and the
other has white vertices as is showed in Figure (3). Put black vertices in a string, ordered by
diagonals from left to right and inside each diagonal from bottom to top, assign to them from an
arithmetic progression of difference 4 which first term is zero, when we move to another diagonal

4
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we use an arithmetic progression of difference 2, counting until the last black vertex has been
numbered. Similarly, Put the white vertices on a string, ordered for diagonals from left to right
and inside each diagonal from top to bottom, starting with the first diagonal assign numbers from
an arithmetic progression of difference 2, which first term is 1, when we move to another
diagonal we use an arithmetic progression of difference 2, counting until the last white vertex has
been numbered.

Step 2. In this step, we are labeling the vertices of m-pendant edges which contact with the
white diagonals, from right to left and inside each white diagonal from bottom to top, assign to
them from an arithmetic progression of difference 2, which first termiszsuchthat z=y + 2
wherey is the last vertex labeling of black diagonal, when we move to a new vertex of the white
diagonal, the first vertex of m- pendant edgesis labeled by an arithmetic progression of difference
4, but the arithmetic progression of difference 2 has been used with the remain (m-1)vertices of
m-pendant edges. We move from a vertex to another of the white diagonals until the last white
vertex.

Step 3. Finally, we are labeling the vertices of m-pendant edges which contact with the black
diagonals, from left to right and inside each black diagonal from bottom to top, assign to them
from an arithmetic progression of difference (-2), which first termis (2g-1) where g is the size of
G, when to move to a new vertex of the black diagonal, the first vertex of m- pendant edges is
labeled by an arithmetic progression of difference (-6), but the arithmetic progression of
difference(-2) has been used with the remain (m-1)vertices of m-pendant edges. We move from a
vertex to another of the black diagonals until the last black vertex.

Now, we have complete the proof by running the above steps, i.e. we mention only the vertices
labels and the reader can fulfill the proof as we did in the previous theorem where stepl give us

an odd harmonious labeling of the graph kC, — snake for each k =1, and stepl- step3 give us an
odd harmonious labeling of the graph kC, — snake © mk, for each k,m=1(in general case).

The following example illustrates the last resuilt.

Example 2.3. An odd harmonious labeling of the graph 5C, —snake © 2Kk, (for general case) is
shown in Figure 4.

50 48 79 77 32 30 57 55

103 101 68 66

Figure4: The graph 5C 4 ~ Shake O 2k1 (for general case) with its odd harmonious labeling.



International journal on applications of graph theory in wireless ad hoc networks and sensor networks
(GRAPH-HOC) Voal.5, No.3, September 2013

The graphs KC,, — snake when the sequence string is (1, 1, 1,..., 1) when n =0 (mod 4)
are studied in the following Theorem:

Theorem 2.4. The graphs kC4m —snake for each k, m = 1, with string (1, 1,..., 1) are odd
harmonious.

Proof. Let G= kC,, —snake= (n—1)C,,, — snake can be described asindicated in Figure 5

Figure5

Itisclear that |[E(G)| = 4m(n—1). We define the labeling function
f:V(G)) - {0, 1,2, ..., 8m(n—1)-1}

asfollows:
Am(i —1), i=135..nor n-1
f(v)=n
Eflm(i -)+1, i=246,..n-1orn

f(v))=j-1 1<j<2m
For labeling the vertices viil, 2<i<n, 2<j<2m we consider the following two
cases:

Case(i)

ifi isodd, 3<i < n we havethefollowing labeling, for each 2< j <2m
fv)=f(v)-j+1
Case(ii)
if i iseven, 2<i < n we have the following labeling, for each 2< j < 2m:
Of(v)-j+1,  j=135.2m-1
f(vp) =0
Ho)-j-1  j=246.2m
Now we label the remaining vertices vijz, 2<i<sn-1 1< j<2m asfollows:
f(v,)=f(v))+2(j-1), 1< j<2m,2<i<n-1.
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It follows that f admits an odd harmonious labeling for (n—1)C,, — snake. Hence (n-1C,, -
snake for each n = 2, m= 1with thestring (1,1,...,1) are odd harmonious graphs.

Example 2.5. Odd harmonious labeling of graph 4C, — snake with the string (1,1,...,1) is shown
in Figure 6.

32

Figure 6: The graph 4C,; — snake with its odd harmonious labeling.
3. SUBDIVISION OF DOUBLE TRIANGLES SNAKE

Rosa [10] defined a triangular snake (or A -snake) as a connected graph in which all blocks are
triangles and the block-cut-point graph is a path. Let A, -snake be a A -snake with k blocks

while nA, -snake be aA -snake with k blocks and every block has n number of triangles with
one common edge.
David Moulton [11] proved that triangular snakes with p triangles are graceful if p is congruent to

0 or 1 modulo 4. Xu [12] proved that they are harmonious if and only if p is congruent to O, 1 or
3 modulo 4.

A double triangular snake is a graph that formed by two triangular snakes have a common path.
The harmonious labeling of double triangle snake introduced by Xi Yue et a [13]. It is known
that, the graphs which contain odd cycles are not odd harmonious so we used the subdivision
notation for odd cycle in order to prove that all subdivision of double triangular snakes are odd
harmonious.

Theorem 3.1. All subdivision of double triangular snakes (2A, -snake k=1 ) are odd
harmonious.

Proof. Let G = 2A, -snake has q edges and p vertices. The graph G consists of the vertices
(U, Ugyeen Uk 1), (Vi, Voo V), (WL, Wo, ... W ) therefore we get the subdivision of double triangular
snakes §(G) by subdividing every edge of double triangular snakes 2A, -snake exactly once.

Let v, be the newly added vertex between u; and u;,; while wi; and wi, are newly added vertices
between
w; Uy and w; Ui,y respectively, where 1<i <k. Finally, vi; and vi, are newly added vertices between
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Vv, U and v, u.respectivley, such that 1<i <k. Let the graph SG) be described as indicated in
Figure 7

Figure 7: the subdivision of double triangular snakes ( 24, -snake).

Itisclear that the number of edges of the graph §G) is 10k. We define the labeling function:
f:V(SG) - {0,1,2,3,...,20k- 1}
asfollows:
flu)=6(i-1) , 1<i< k+1=n,
flyi)=14i-11, 1<i<k=n-1,
f(lw)=61+4 , 1<i<k=n-1,

f(v)=6i-4 , 1l<i<k=n-1,
f(wi))=24i+8-21 , 1<isk=n-1, j=12,
flvij))=14i+6/-15 , 1<i<k=nl, j=12

The edge labels will be asfollows:

¢ Theverticesu; and wi;, 1 <i <k, induce the edge labels {20i-19, 1 <i <k} ={1,21,...,20k-19} .
e Theverticesuy, andy;, 1 <i <k, induce the edge labels{ 20i-17, 1 < i < k} ={3,23,...,20k-17}.

¢ Theverticesy; and vi;, 1 <i <k, induce the edge labels{ 20i-15, 1 < i <k} ={5,25,...,20k-15} .

e Theverticesvi; and v;, 1 <i <k, induce the edge labels{ 20i-13, 1 < i < k} ={7,27,...,20k-13} .

e Theverticesy; and .1, 1 <i <k, induce the edge labels{ 20i-11, 1 < i < k} ={9,29,...,20k-11}.
¢ Theverticesw;; andw; , 1 <i <k, induce the edge labels{ 20i-9, 1 < i<k} ={11,31,...,20k-9}.
e Theverticesv; and v, 1 <i <k, induce the edge labels{ 20i-7, 1 < i <k} ={13,33,...,20k-7}.

¢ Theverticeswj; and ui+1, 1 <i <k, induce the edge labels{ 20i-5, 1 < i <k} ={15,35,...,20k-5}.
e Theverticesvi; and Ui+1, 1 <i <Kk, induce the edge labels{ 20i-3, 1< i <k} ={17,37,...,20k-3}.
e Theverticesw; and wip, 1 <i <k, induce the edge labels{ 20i-1, 1< i<k} ={19,39,...,20k-1}.

So we obtain all the edge labels{1,3,5,...,20k-1}. Hence the subdivision of double triangular
snakes (24, -snake, k = 1) are odd harmonious.

Theorem 3.2.

All subdivision of 2mA, -snake, m, k > 1 are odd harmonious.
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Proof. Let G =2mA, -snake has q edges and p vertices. The graph G consists of the vertices (
Uy, Ugy.o Uksr), (V5 V2,0, VM), (W WP, W™), 1<i < k. Therefore we get generalized the
subdivision of double triangular snakes S(G) by subdividing every edge of 2mA, -snake exactly

once. Let y, be the newly added vertex between U, and u,,; whilew, and w /, are newly added

vertices between uw ! and w/ u,,, respectively. Finaly, v/, and v/, are newly added vertices
between u v and v/ u,, respectively wherei=1,2,...,kandj=1,23,....m(Figure8). It
is Clear that, the number of edges of the graph S(G) isq =k (8m + 2) edges.

Figure 8: the subdivision of 2MA, -snake

We define the labeling function f: V(S(G)) - {0, 1, 2, 3, ..., 2k(8m+2) - 1}
asfollows:

flu)=(@m+2)(i-1) , 1<i<k+1=n,
f(y))=(12m+2)i-10m-1, 1<i<k,
f(v)=@m+2)(i-1)+4-2 , 1<i<k, 1<l<m,

f(w) =(4m+6) + (4m+2)(i- 1) +4(G-1) , 1<i<k, 1<j<m,
f(vvi{)=(2m1)+(12rrr+2)(i-1)+(4m+2)(|-1)-2(j-1), 1<i<k,1<1<2/1<j<m,
f(vif)=(4m+1)+(12m+2)(i-1)+(8m+2)(|-1)-2(j-1), 1<i<k,1<1<2,1<]

f(vi1|)=(4m+ D+(12m+2)(i-1)+(6Em+2)(1-1), 1<i<k, 1l<li<2
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In aview of the above defined labeling pattern f is odd harmonious for the graph S(G). Hence §
2mA, -snake) is odd-graceful for all m>1, k> 1.

[lustration 3.3. An odd harmonious labeling of the graph subdivision of 64, -snake isshown in
Figure 9.

Figure 9: the graph subdivision of 6A, -snake with its odd harmonious labeling.

4. CONCLUSION

Harmonious and odd harmonious of a graph are two entirely different concepts. A graph may
posses one or both of these or neither. In the present work we investigate several families of odd
harmonious cyclic snakes. To investigate similar results for other graph families and in the
context of different labeling techniquesis open area of research.
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