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ABSTRACT

Let G be a graph. The distance d(u,v) between two vertices u and v of G is equal to the length of a shortest
path that connects u and v. The Wiener index W(G) is the sum of all distances between vertices of G,

whereas the hyper-Wiener index WW(G) is defined as WW(G):Zuv)ev(c)(d(v’u)+d(v’u)2)' Also, the

d(v.au)

Hosoya polynomial was introduced by H. Hosoya and define H (G,x ) = Z . In this

{uvleV (G)
paper, the Hosoya polynomial, Wiener index and Hyper-Wiener index of some regular graphs are
determined.
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1. INTRODUCTION

Let G=(V;E) be a simple connected graph. The sets of vertices and edges of G are denoted by
V=V(G) and E=E(G), respectively. The distance between vertices u and v of G, denoted by d(u,v),
is the number of edges in a shortest path connecting them. An edge e=uv of graph G is joined
between two vertices u and v (d(u,v)=1). The number of vertex pairs at unit distance equals the
number of edges. Also, the topological diameter D(G) is the longest topological distance in a
graph G.

A topological index of a graph is a number related to that graph which is invariant under graph
automorphism. The Wiener index W(G) is the oldest topological indices, (based structure
descriptors) [8], which have many applications and mathematical properties and defined by
Harold Wiener in 1947 as:

W(G):% > d(v.u) (1.1)

veV (G)ueV (G)

Also, for this topological index, there is Hosoya Polynomial. The Hosoya polynomial was
introduced by H. Hosoya, in 1988 [3] and define as follow:

H(G,x)=% >yt (1.2)

veV (G)ueV (G)
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The Hosoya polynomial and Wiener index of some graphs computed [1, 2-4, 5]. Another
topological index of graph (based structure descriptor) that was conceived somewhat later is the
hyper-Wiener index that introduced by Milan Randi¢ in 1993 [6] as

ww (G)=% >y (d(v,u)+d(v,u)2) (1.3)

veV (G)ueV (G)

=%W (G)+~ > > dv.au) (1.4)

2 veV (G)ueV (G)

In this paper, we obtained a closed formula of the Hosoya polynomial, Wiener and Hyper-Wiener
indices for an interesting regular graph that called Harary graph. The general form of the Harary
graph H,,,, is defined as follows:

Definition 1.1 [7]. Let m and n be two positive integer numbers, then the Harary graph H,,,, is
constructed as follows:

It has vertices 1,2,...,n—1,n and two vertices i and j are joined if i—m <j <i+m (where addition is
taken modulo n).

Figurel. The Harary graph Hg jo.

2. MAIN RESULTS

In this section we compute the Hosoya polynomial, Wiener index and hyper-Wiener index of the
Harary graph H,,,,,.

Theorem 2.1. Consider the Harary graph H,,, , for all positive integer number m and n. Then,

. The Hosoya polynomial of H,,,, for n odd is
[%m} n
_ d n _ n [/Zm}'l
H,, =), mnx +n([/2] mx[/zm])x
. The Hosoya polynomial of H;,,, for n even (=2¢g) is

Havny =3, 2 + 224 [%}q%ﬂ
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Proof. Let H be the Harary graph H,,, , (Figure 1). The number of vertices in this graph is equal to
IV(Hypn)l=n (Wmnell). Also, two vertices v,vje V(H,,,,) are adjacent if and only if li-jl<m, then

d(v;,v;)=1 thus the number of edges of this regular graph is IE(HZ,,,V,,)I=M =mn.
2

d(G)

It is obvious that for all graph G, H (G,1)= Z dG,i)= ( " ) :@. On the other hand from
i =1

the structure of H,,,, (Figure 1), we see that all vertices of H,,, have similar geometrical and
topological conditions then the number of path as distance i in H,,,, (d(H>,,,1)) is a multiple of
the number of vertices (n). In other words, any vertex ve V(H,,,,) is an endpoint of d(H>,, ,i)/n
paths as distance i in H,,,, (=d,(Hyn,i)). For example Y ve V(H,,,,), there are 2m=d (H,,,,,1)
paths as distance 1 (or all edges incident to v) in H,,,. From Figure 1, one can see that
Vi=12,...n and  vyViue V(Han),  dViViews))=2  (j={1,2,...m})  because  ViVim,
VismVizm+1€ E(Hopn) and d(ViVizn)=A(Vism, Viems1)=1. Obviously d,i(Hyy,n 2)=2m

Now, since Vie {1,2,...,n} and vyvisme V(Homn)s A(ViViem)=A(Viem Visam) =d(Visom Vizsm)= .. =d(Visi.
DmViskn)=1 such that k<[n/2m]. ThusV d=1,...k d(v;Vissm)=d and obviously d(v;Vim.;)=d+1
(j=1,2,...,m-1). By these mentions, one can see that for an arbitrary vertex v; the diameter
D(H>,,,) of this Harary graph is d(v;vi.in))=[n/2m]+1. Also the distance between vertices v; and
Visinarmsj) 18 equal to D(Hy,,) for all j=1,2,...,[n/2]. It's easy to see that if n be odd then
Y vie V(Hap,), du(H,[0n/2m]+1)=|[n/2]-mx[n/2m]|, else n be even then d(H,d(H))= nf(l{nﬁ} -

2 2
m{zi}l—]).

Now by using the definition of Hosoya polynomial (equation 2), we have
H(HZm,mx) = Z X d(" ’u)

{uylev (Hzm'”)

i X d(vi,v/)

ij=1

-1 o
— i mz Z [Zm}x d(vi’v[ik+j)
k=0

i=1j=0

=mnx ' +mnx* +...+mnx (720 +d(H,,, ,[%mJ+l)x Von

SEH
2m 2

SEH
2m 2

Here the proof of Theorem 2.1 is completed.

nx n odd

where q a1, [ ]+ =
nX

n
- n even
2

Theorem 2.2. Let H,,,, be the Harary graph. Then the Wiener index of H,,,, is equal to

. If n be odd, W(Hay,2441) =(2g + 1)(61 +[% }(q ‘%j‘%[% D

. If n be even, W(H,,,»,) :(2q2_q)+q |:%1:|(2q—1—m)—qm [%}2
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Proof. By according to the definitions of the Wiener index and Hosoya Polynomial of a graph G
(Equation 1.1 and 1.2), then the Wiener index W(G) will be the first derivative of Hosoya
polynomial H(G,x) evaluated at x=1. Thus by using the results from Theorem 2.1, we have

1- If n be an arbitrary even positive integer number (n=2¢q), then

W(Hyo)= Y, d(v.u)

{uyleV (Hyp o)
_OH (Hap0,%)
ox

B azz} 2gmx* +2g% —2qm [%}—qx[%‘}rl |

ax x =1

=2qm2£q/jd +[—2qm [%}2+[%}(2q2—q —qu)'i'(zqz_Q)]
=(29-q)+q (2 4-@[%}‘1’" [%j

2- If n be an odd positive integer number (n=2g+1), then
(%] n
0 mnx® +n(| ", [—mx| " x[é’”}rl
W(HZm,2q+1) = Zd:l (I:/é] [Am]) |X=1
X

=(2q +1)(25/_2;med +(q —m[%D([%}rln
o -2 sty |

Corollary 2.3. Suppose n be an even positive integer number (n=2¢g) and 2mln, then such that
g/m=r. Thus W(Hgmvz,,,,):mr(mr2+mr—r—]).

Theorem 2.4. The hyper-Wiener index of the Harary graphs H>,,,, and H,,,>,+; are equal to

WW(Ham ) =3 (257 25, 13 4 g Tom 4/ T-2mgla/ T
(H, ’24)—2(24 q)+(5q Sa—am 9/ 1+ 24>~ Jam 4/ M 4/
2 } 7 (5 13 3
R AR AR e VA
Proof. Consider the Harary graph H,,, , and refer to Equations 1.3 and 1.4. Thus

WW(HZm,n):%W(HZm,n)"' WW*(HZm,n)
where WW *(Hz’” )= Z{W v (1, ”)d 2 (v ,u )

Now, suppose n be even (n=2gq), therefore

WW ' (Hap2) = 2gm Zfdz +(2‘12 a4 2qm [% D([% } ’ IT
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If n be odd (n=2¢+1), therefore

W (Hap ) =m(2q+1)25€d2+(2q+1)(q—m[% ) {E4 }1)2
Sl ] (el a] Al
R R AR N AR TSN 74
Thus, WW(Hapz0.1) =(2q+1>{_§m[%1 [ o(a=2n ] +(30-2m 040+ gq}

And theses complete the proof of Theorem 2.4.
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