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ABSTRACT

Most natural populations experience fluctuations in biological and environmental factors which causes
carrying capacity variation. In this paper, we have introduced a diseased prey-predator model with peri-
odically varying carrying capacity. We have studied the effects of different amplitudes of oscillaton as
well as different frequencies of oscillation on the dynamics of the model. We have done bifurcation
analysis of the model with respect to the amplitude of oscillation and frequency of oscillation of the
carrying capacity. We observe limit cycle, low periodic orbits, high periodic orbits and chaos in the
model. We observe the existence of critical frequency and amplitude of oscillation of carrying capacity
for which the prey population extinct. Through bifurcation analysis we observe oscillatory coexistence of
species in the model. Our results confirm that amplitude and frequency of oscillation of carrying
capacity are key parameters together with the force of infection and body size of intermediate predator in
a diseased prey-predator model.
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1. INTRODUCTION

One of the most exciting modern applications of mathematics are modelling and analysis of
biological and ecological systems. There are many two dimensional models eg. Lotka [1] and
Volterra [2] predator- prey model, Rosenzweig-MacArthur [3] model, Murray [4] model etc.
But a two dimensional model is very poor to capture the dynamical complexity of real food
chain. That is why, three dimensional model is more appropriate to study the food chain
system. There is a large literature on these models. Researchers have modified the food chain
model introducing various factors and various types of functional responses. Hastings and
Powell [5] introduce a continuous time model of a food chain incorporating nonlinear
functional responses. Hsu et al. [6] analyze a tritrophic ratio dependent food chain model and
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discuss the extinction dynamics of the model. Maiti et al. [7] study a tritrophic food chain
model with mixed selection of functional responses. Lobry and Mazenc [8] discuss the
dynamical nature of a chemostat model with an arbitrary number of species. Wen [9] examine
the sufficient conditions for existence of periodic solutions of a food chain model with Holling
type-1II functional response on time scales. Mandal et al. [10] analytically investigate the local
qualitative temporal behaviour around inner equilibrium point of a three species model. Kooi et
al. [11] study the ability of top predator to invade the food chain in a chemostat. Hsu and
Waltman [12] discuss the dynamics of a chemostat model with an external nutrient and with an
external inhibitor using theory of monotone flows.

Again harvesting technics, omnivory criteria, toxin factors etc. are used in the progress of
ecological system. Mukhopadhyay [13] study the autotroph-herbivore food chain model with
Holling type-II harvest function in the presence of decomposers. Kar and Matsuda [14] analyze
the effect of harvesting efforts on the prey-predator system with Holling type-III functional
response. Tanabe and Namba [15] discuss the chaotic nature of a tritrophic food web model
with omnivory and show that intraguild predation can destabilize food webs and induce chaos.
Diehl and Feibel [16] reported that how enrichment affect coexistence of the species on three
level food chain model with omnivory. Upadhyay [17] investigate dynamic nature of a three
dimensional food chain model with Holling type-II functional response of toxin liberation
process and suggest that toxic substences may act as bio-control by changing the state of chaos
to order. By including the effect of toxin Zhu et al. [18] prove the existence of limit cycles in
the 3-D system. S. Vaidyanathan [22] describes chaotic nature of a system using hybrid
synchronization. Ghosh et al. [23] dicuss the reliability of a system through Monte-Carlo
simulation. Again Mishra and Mankar [24] discuss a model using chaotic map.

Introducing disease in ecological system, a new branch eco-epidemiology studies are in
progress. Mukhopadhyay and Bhattacharyya [19] investigate the role of predator switching on
the dynamics of a diseased eco-epidemiological model. Arino et al. [20] prove that introduction
of an infected population in the classical ratio-dependent predator-prey model may act as a
biological control to save the population from extinction. Das et al. [21] modified Hastings and
Powell’s[5] model by introducing disease in the prey population. They show that disease in
prey population and body size of intermediate predator can control the chaotic dynamics. They
have assumed carrying capacity of the model as constant.

Fluctuations in biological and environmental factors in natural populations causes carrying
capacity variation. As far as our knowledge goes none of the studies was done on diseased prey
population with periodically varying carrying capacity. But variation in carrying capacity is
important in managing harvest of species and for planning carrying capacity research. In this
paper, we investigate the effects of periodically varying carrying capacity on diseased prey
population model. We have done bifurcation analysis of the model with respect to the
amplitude of oscillation and frequency of oscillation of the carrying capacity. We have
discussed the effects of different amplitudes of oscillatons and different frequencies of
oscillation of carrying capacity on the dynamics of the food chain.

This paper has been organized as follows. In Section 2, we dicuss our model, in Section 3, we
discuss the simulation results and in Section 4 we concluded the main results of our model.
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2. MODEL
Recently, Das et al.[21] proposed predator-prey model with disease in prey population
as
% =RS(1 —%) - olS - CIAI(I;IES)
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Here S, I, Py, P, are respectively the susceptible prey population, infected prey population, the
intermediate predator population, top predator population. A; and A, are the maximal predation
rate of intermediate predator for susceptible and infected prey respectively; A; is the maximal
predation rate of top predator for intermediate predator; B, and B, are the half saturation
constant for functional response of intermediate and top predator respectively; C,” is the
conversion rate of susceptible prey to intermediate predator; C, is the conversion rate of
infected prey to intermediate predator; C; is the conversion rate of intermediate predator to top
predator. D, D, and D; are respectively the rates of death of infected prey population,
intermediate predator and top predator, K is the carrying capacity of the system.

. . . S . 1 P P,
Introducing the dimensionless parameters as s = K i=g p= El, 2=} and t = TR, the
model (1) becomes:
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Since carrying capacity of an ecological system is season dependent, we assume that the
carrying capacity of the system vary sinusiodally with time. Mathematically this means
carrying cpacity K of the system will be replaced by K = Ky(1 + gsin(wt)). Here q is the
amplitude of oscillation, w is the frequency of oscillation and K is a dimensionless number, q
can take any value between O to 1. With this modification we obtained the following model:

ds piS

q =S -s)-a(l +gsin(ps))si - b(1 +gsin(ps)) 77 St
% = a(l + gsin(p;3))si - d(1 + gsin(ps))pii —ei
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3. SIMULATION RESULTS

We have solved numerically the system (3) using fourth order Runge-Kutta method with a
hypothetical set of parameter values most of which are taken from Das et al. [21] model. The
following parameter values are kept fixed throughout the numerical simulations, we have
choosena=13,b=5.0,¢=2.3,d=3.0,e=0.5,f=5.0,g=25,h=0.1,m=2.0,j=04,k =
0.1,1=0.01.

We draw the phase diagram of total prey population vs. intermediate predator for different
values of amplitude of oscillation q of carrying capacity in Figure-1 and Figure-2 keeping
frequency of oscillation w = 0.1 fixed. From the figures we observe that for constant carrying
capacity as well as for small amplitude oscillating of carrying capacity the total prey population
vs. intermediate predator population has period-2 oscillation. But for higher amplitude of
oscillation of carrying capacity the phase diagram of total prey population vs. intermediate
predator population shows period-4 orbit, high periodic orbit, chaotic orbit, period-3 and
period-6 orbits etc. But interestingly enough for q = 1 this phase diagram shows period-2 orbit
again. We have also investigated the effects of variation of frequency of oscillation w of
carrying capacity keeping the amplituide of oscillation q = 0.25 fixed in Figure-3. From the
figure it is observed that for frequency of oscillation w = 0.4 we obtain limit cycle, for w = 0.6
we obtain chaotic behaviour, for w = 0.8 again limit cycle and for w = 1.0 again chaotic
behaviour in the phase space of total prey vs. intermediate predator.

We have done bifurcation analysis of the system with respect to the bifurcation parameter q,
keeping frequency of oscillation fixed at w = 0.1 taking different values of force of infection a.
From the bifurcation diagram (Figure-4) we observe that total prey population varries
significantly with respect to the amplitude of oscillation of the carrying capacity. Taking the
force of infaction a = 1.3, a=2.0 and a = 3.2 we observe that there exist some critical frequncy
and critical amplitude of oscillation of carrying capacity for which prey species extinct as seen
from Figure-4 to Figure-6. We have also done bifurcation analysis of the system with respect to
the frequency of oscillation w as bifurcation parameter keeping the amplitude of oscillation
fixed at q = 0.25 in Figure-7 for a = 1.3, in Figure-8 for a = 2.0 and in Figure-9 for a = 3.2. We
observe limit cycle, period-2, period-6 and chaotic orbit of the system.
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Figure 1: Phase diagram (a) for q =0 and w =0, (b) for ¢ = 0.01 and w = 0.1, (¢) for q =0.05 and w = 0.1
and (d) forq=0.1 and w = 0.1.

(a) (b)
s s
£ £
S04 £04
T b
£ 0.2 £ 0.2
£ £
E E
0 . . . . o . . . . . !
[} 0.2 0.4 0.6 0.8 1 0.4 0.5 0.6 0.7 0.8 0.9 1
total prey population total prey population
() (d)
5 1 5 1
g 3
5 £
E 0.5 % 05
T 2
g £
] &
£ E
) TR 1]
0 0.2 0.4 0.6 038 1 0 0.2 0.4 0.6 0.8 1
total prey population total prey population

Figure 2: Phase diagram (a) for ¢ = 0.25 and w = 0.1, (b) for ¢ = 0.5 and w = 0.1, (¢) forq=0.86 and w =
0.1 and (d) for g =1.0 and w = 0.1.
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Figure 3: Phase diagram (a) for q = 0.25 and w = 0.4, (b) for ¢ = 0.25 and w = 0.6, (c) for q = 0.25 and w
=0.8 and (d) for ¢ =0.25 and w = 1.0.
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Figure 4: Bifurcation diagram of total prey population with respect to amplitude of oscilation ‘q’ varying
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Figure 5: Bifurcation diagram of total prey population with respect to amplitude of oscillation ‘q’ varying
from O to 1 taking a=2.0 and w =0.1.
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Figure 6: Bifurcation diagram of total prey population with respect to amplitude of oscillation ‘q’ varying
from O to 1 takinga=3.2 and w=0.1.
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Figure 7: Bifurcation diagram of total prey population with respect to frequency of oscillation ‘w’
varying from O to 1 taking a=1.3 and q =0.25
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Figure 8: Bifurcation diagram of total prey population with respect to frequency of oscillation ‘w’
varying from O to 1 taking a =2.0 and q = 0.25.
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Figure 9: Bifurcation diagram of total prey population with respect to frequency of oscillation w varying
from O to 1 taking a=3.2 and q = 0.25.



International Journal of Chaos, Control, Modelling and Simulation (IJCCMS) Vol.1, No.2, December 2012

4. CONCLUTION

We have introduced a diseased prey-predator model with periodically varying carrying
capacity. We have studied the effects of different amplitudes of oscillatons and different
frequencies of oscillation on the dynamics of the diseased food chain. We observe that the
dynamics of the model is highly sensitive to variation of carrying capacity. Therefore improved
food chain model must have the carrying capacity variation to capture the actual dynamics of
real food chain. Under considering seasonal variation of carrying capacity we obtained
oscillatory coexistence of predator-prey system. The variation of amplitude and frequency of
oscillation of carrying capacity in the model is sufficient to obtain period-2, period-4, period-6
oscillation and chaos keeping the force of infection fixed. From the bifurcation diagrams we
observe that there exist some critical frequency of oscillation as well as critical amplitude of
oscillation of carrying capacity for which the prey population is going to extinct. Therefore it is
observed that oscillation in the carrying capacity can cause species extinction. With constant
carrying capacity Das et.al.[21] predicted stable coexistence for force of infection ain 2.0 <a <
3.2 but with periodically varrying carrying capacity we have shown the possibility of species
extinction there. There exist some frequency and amplitude of oscillation of carrying capacity
for which stable oscillatory coexitence is also possible in 2.0 < a < 3.2. Therefore the dynamics
of our model is qualitatively distinct from the model [21]. Our results demonstrate that not only
disease in prey population and body size of intermediate predator are the key parameters for
controlling the chaotic dynamics but also the amplitude and frequency of oscillation of carrying
capacity play an important role diseased prey-predator model. Temporal variation in carrying
capacity is important in managing harvesting of species and for planning carrying capacity
research. Carrying capacity as a function of not only time but also many ecological parameters
must be understood in future.

REFERENCES

1. Lotka, A.J. (1925) Elements of Physical Biology, Williams & Wilkins Co., Baltimore.

2. Volterra, V. (1926) Fluctuations in the abundance of a species considered mathematically,
Nature, 118, pp. 558-600.

3. Rosenzweig, M. L. & MacArthur, R. H. (1963) Graphical representation and stability conditions
of predator-prey interaction, The American Naturalist, 97, pp. 209-223.

4. Murray, J. D. (1993) Mathematical Biology II, Springer-Verlag, Berlin, Germany.

5. Hastings, A. & Powell, T. (1991) Chaos in three species food chain, Ecology, 72(3), pp. 896-
903.

6. Hsu, S. B., Hwang, T. W., Kuang, Y. (2003) A ratio-dependent food chain model and its
applications to biological control, Math Biosci., 181(1), pp. 55-83.

7. Maiti, A., Patra, B., Samanta, G. P. (2006) Persistence and stability of a food chain model
with mixed selection of functional responses, Nonlinear Analysis: Modelling and Control, Vol.
11, No. 2, pp. 171-185.



International Journal of Chaos, Control, Modelling and Simulation (IJCCMS) Vol.1, No.2, December 2012

8.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

Lobry, C. & Mazenc, F. (2007) Effect on persistence of inta-specific competition in competition
models, Electronic Journal of Differential Equations, Vol. 2007(2007), No. 125, pp. 1-10.

Wen, Z. (2010) Existence of periodic solutions in a food chain model with Holling type-II
functional response, World Academy of Science, Engineering and Technology, 67, pp. 477-480.

Mandal, S., Panja, M. M., Ray, S., Roy, S. K. (2010) Qualitative behavior of three species food
chain around inner equilibrium point: spectral analysis, Nonlinear Analysis: Modelling and
Control, Vol. 15, No. 4, 459-472.

Kooi, B. W., & Boer, M.P., Kooijman, S. A. L. M. (1999) Resistence of a food chain to
invasion by a top predator, Math Biosci., 157, pp. 217-236.

Hsu, S. B., & Waltman, P. (1991) Analysis of a model of two competitors in a chemostat with
an external inhibitor, SIAM J. APPL. MATH., Vol. 52, No. 2, pp. 528-540.

Mukhopadhyay, B., & Bhattacharyya, R. (2011) On a three-tier ecological food chain model
with Deterministic and random harvesting: A mathematical study, Nonlinear Analysis:
Modelling and Control, Vol. 16, No. 1, pp.77-88.

Kar, T. K., & Matsuda, H. (2007) Global dynamics and controllability of a harvested prey-
predator system with Holling type-III functional response, Nonlinear Analysis: Hybrid Systems,
Vol. 1, Issue 1, pp. 59-67.

Tanabe, K. & Namba, T. (2005) Omnivory creates chaos in simple food web models, Ecology,
86(12), pp. 3411-3414.

Diehl, S. & Feibel, M. (2000) Effects of enrichment on three level food chains with omnivory,
The American Naturalist, Vol. 155, No. 2, pp. 200-218.

Upadhyay, R. K. (2008) Chaotic dynamics in a three species aquatic population model with
Holling type-II functional response, Nonlinear Analysis: Modelling and Control, Vol. 13, No. 1,
pp- 103-115.

Zhu, L., Huang, X., Su, H. (2007) Bifurcation for a functional yield chemostat when one
competitor produces a toxin, J. Math. Anal. Appl. 329, pp. 891-903.

Mukhopadhyay, B. & Bhattacharyya, R. (2009) Role of predator switching in an eco-
epidemiological model with disease in the prey, Ecological Modelling, 220, pp. 931-939.

Arino, O., Abdllaoui, A., Mikram, J., Chattopadhyay, J. (2004) Infection on prey population
may act as a biological control in ratio dependent predator-prey model, Nonlinearity, 17, pp.
1101-1116.

Das, K. P., Chatterjee, S., Chattopadhyay, J. (2009) Disease in prey population and body size of
intermediate predator reduce the prevalence of chaos-conclusion drawn from Hasting-Powell
model, Ecological Complexity, 6(2009), pp. 363-374.

Vaidyanathan, S. (2012) Hybrid Synchronization of hyperchaotic Liu system via sliding mode
control, International Journal of Chaos, Control, Modelling and Simulation (IJCCMS), Vol.1,
No.1, September 2012. pp. 1-12.



International Journal of Chaos, Control, Modelling and Simulation (IJCCMS) Vol.1, No.2, December 2012

23. Ghosh, R., Mitra, A., Chakraborty, (2012) A Novel Approach to Derive the Average-Case
Behavior of Distributed Embedded System, International Journal of Chaos, Control,

Modelling and Simulation (IJCCMS), Vol.1, No.1, September 2012. pp. 25-35.

24. Mishra, M. & Mankar, Dr. V.H. (2012) Message Embedded Cipher using 2-D chaotic map,
International  Journal of Chaos, Control, Modelling and Simulation(IJCCMS), Vol.1, No.1,

September 2012. pp. 13-24.

Mr. Prodip Roy has earned M.Sc Degree in Applied Mathematics from University
of Kalyani, West Bengal, India. At present he is working as an Assistant Professor at
the Department of Mathematics of Mahadevananda Mahavidyalaya, West Bengal
State University, India. He is a member of Calcutta Mathematical Society, Kolkata,
India. His research includes Interaction of Prey and Predator, Nature of Discrete
System.

Mr. Banshidhar Sahoo is a research scholar of University of Calcutta,
India. He is also an assistant teacher of Daharpur A.P.K.B.
Vidyabhaban, West Bengal, India. He has published over 9 refereed
international journal publications. His research interests are Linear and Nonlinear
Control Systems, Chaos Theory and Control, Mathematical
Modelling in Bioscience. @~ He utilizes some technical software like
MATLAB, SCILAB. MATCONT etc.

10



