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ABSTRACT

Anti-synchronization of chactic systems is a research problem that deals with synchronizing the states of
master and slave systems at a phase of 180 degrees, i.e. the states are equal in magnitude but opposite in
sign. This paper deals with the anti-synchronization research problem of identical hyperchaotic LU systems
(Zhao and L1, 2008) and new results are derived via sliding mode control. This paper constructs an anti-
synchronizing dliding controller for hyperchaotic LU systems based on a general result. MATLAB
simulations have been shown to illustrate our sliding controller design for hyperchactic LU systems.
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1. INTRODUCTION

A determinigtic chaotic system is a nonlinear dynamical system having properties such as
sensitivity to initial conditions and sustained irregularity. Chaos theory and chaos synchronization
find many applications in quantum physics [1-2], population biology [3], chemical systems [4],
secure communications [5-6], etc.

In the anti-synchronization of chaotic systems, the states of the master and dave systems will
have asymptotically the same magnitude, but opposite signs. Anti-synchronization of chaotic
systemsis an important problem in the chaos literature.

There have been many important methods developed in the literature for chaos synchronization
such as active and adaptive control methods [7-10], sampled-data feedback method [11],
backstepping method [12], diding mode control method [13], time-delay method [14], etc.

We have studied the problem of anti-synchronization of chaotic systems in this paper and
developed new SMC results for the anti-synchronization of hyperchaotic L systems ([15], 2008).
MATLAB simulations have been shown to verify and demonstrate the SMC results for the anti-
synchronization of hyperchaotic LU systems.

2. SM C RESULTSFOR ANTI-SYNCHRONIZATION OF CHAOTIC SYSTEMS

Consider the master system described by the dynamics
X=Ax+ f(x) «y
where X[ R"isthe state of the system and f : R" — R"isthe nonlinear part of the system.

We take the system (1) as the master system.
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Consider the dlave system described by the dynamics

y=Ay+f(y)+u 2
where y [0 R"isthe state of the system and u[J R™is the controller to be designed.
We define the anti-synchronization error as

e=y+Xx ©)
Then the error dynamicsis obtained as

eer+77(X, y)+u! (4)
where

n(xy) = f(y)+f(x (5)

We solve the anti-synchronization problem as follows.
First, we take the control U as
u=-n(xy)+Bv (6)
where Bischosen so that the pair (A, B) iscompletely controllable.
Next, we substitute (6) into (4).
Then the error dynamics ssimplifiesto
e= Ae+Bv @)
which isasingle-input, linear time-invariant control system.
In the SMC design, the diding variable is defined as
s(e) =Ce=ce +Ce, +:--+C§, (8)
where Cisto to be determined.
In SMC design, the motion of the system (7) isrestricted to the diding manifold defined by
S={eD R":s(e) = O}
which must be invariant under the flow of the error dynamics (7).

When in dliding manifold S, the error system (7) must satisfy the two conditions:

s(e)=0 9
and

$(e)=0 (10)
We use the equations (7) and (8) to rewrite the equation (10) as

8(e) =C[Ae+Bv|=0 (12)
We solve (11) for v and obtain the equivaent control law

V() = —(CB)'CA e(t) (12)

where Cischosen suchthat CB # 0.
Next, we substitute (12) into equation (7).
Thus, we obtainthe closed-loop dynamics as

é=H -B(CB)'CHAe (13)
Next, we choose C such that the matrix H - B(CB)™C HAis Hurwitz.

Hence, by Lyapunov stability theory, the closed-loop error system (13) is globally asymptotically
stable.
A dliding mode controller for (7) is obtained asfollows.

We apply the constant plus proportional rate reaching law
$=-qsgn(s) -k s (14)
wherethegains q >0, k > 0arefound so that the diding motion will occur.
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By combining the equations (11) and (14), we can obtain the control v(t) as
v(t) = =(CB)*[C(KI + A)e+qsgn(s)] (15)

) = E—(CB)*[C(kI +Ae+q], ifse)>0
-(CB)*[C(KI + Ae-q], ifs(e)<0
Theorem 2.1. Consider the master system (1) and the dave system (2). These chaotic systems
are globally and asymptotically anti-synchronized by the SMC law
u(t) =-n(x,y) +Bv(t) 17)
where V(t) is defined by (15) and the sliding mode gains K, g are positive.

(16)

Proof. The proof is carried out using Lyapunov stability theory.

First, we substitute (17) and (15) into the error dynamics (4).
Then we get the closed-loop system as

e= Ae-B(CB)™[C(Kl + A)e+qsgn(s)] (18)
Consider the candidate Lyapunov function given by
V(e = %sz (e) (19)

which is a positive definite function on R".
We differentiate V aong the trajectories of (18) or the equivalent dynamics (14).
Thus, we get

V(e) = s(e)s(e) = —ks? —qsgn(s)s (20)
which is a negative definite function on R".

Thus, the error system (18) is globally asymptotically stable by Lyapunov stability theory [16].
This completes the proof.

3. ANTI-SYNCHRONIZATION OF IDENTICAL HYPERCHAOTIC LU SYSTEMS
VIA SLIDING M oDE CONTROL

In this section, we derive new results for the anti-synchronization of identical hyperchaotic Lii
([35], 2008) systems using the main result derived in Section 2. Then we shall illustrate numerical
simulations of the diding controller design using MATLAB.

3.1 Theoretical Results

The hyperchaotic LU dynamicsis given by

X =a(X, —x) + X,

X, = XXt sz

X3 = XX, —CX,

X, = X% +dX,
where X, X,, X;, X, arestatesand a,b, ¢, d are positive, constant parameters of the system.
Thisis considered as the master system.

(21)
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The controlled hyperchaotic LU dynamicsis given by
Vi = a(yz - y1) Y, Ty
Y, = =Yi¥s thy, +u,

. (22)
Ys =YY, ~Cy; tU,
y4 = yly3 + dy4 + u4
where vy, Y,, Y, Y, arestatesand u;, U,, U,, U, are the controllers to be designed.
Thisis considered as the dlave system.
The four-dimensional LU systems (21) and (22) are found hyperchaotic when
a=36, b=20, c=3 d=1
Figure 1 illustrates the strange hyperchaotic attractor of the hyperchaotic L system.
The chaos anti-synchronization error is defined by
g=ytX
=y +
& =Y, tX% (23)
&=Y;tX%
&=YatX
The error dynamicsis easily obtained as
g=ale-e)+e +y
3, =be, -y, Y, — XX +u
& =08 = V1¥; XX T U, (24)

esz—c%+yly2+xlx2+u3
& =de, + VY, + XX +U,

g0. - T R 200.
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Figure 1. Strange Attractor of the Hyperchaotic LU System

In matrix form, we write the error system (24) as
eé=Ae+n(x,y)+u (25)
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where
Fa a 0 10 O 0 [ [, C
O O O O C
0O b 0 O = -
A=0 O p(xy)=0 "2 " %%0 g u= %JZE. (26)
EO 0 —c og S)ﬁyz XX E %ISE
00 0 0 dp OY1Ys * %% [0 W,
Inthe SMC design, wefirst set Uas
u=-n(x,y)+Bv (27
where Bistaken sothat (A, B)iscontrollable.
We choose B as
ac
L
B= %E (28)

1
H_[
L
The parameter values are chosen as in the hyperchaotic case, viz
a=36, b=20, c=3, d=1
The diding mode variableis selected as
s=Ce=[-2 10 1 -5le=-2¢ +10e, +&,-5e, (29)
which makes the SMC state dynamics globally asymptotically stable.
We take the diding mode gains as

k=6and g=0.1.
From Eqg. (15), we can obtain Vv(t) as

v(t) = -15¢ —47e, — 0.75e, +9.25¢, — 0.025sgn(S) (30)
Thus, we obtain the required SMC controller as

u=-n(x,y)+Bv (31)

where (X, y), B and v(t) are given by the equations (26), (28) and (30).
By Theorem 2.1, we arrive at the following result.

Theorem 3.1. The SMC law given by (31) renders the pair of identical hyperchaotic Ll systems
(21) and (22) globally and asymptotically anti-synchronized for all initial conditions

3.2 Numerical Results

The numerical simulations for the hyperchaotic LU systems (21) and (22) with the dliding mode
controller ugiven by (31) were plotted using MATLAB.
We take the parameter values as in the hyperchaotic case, viz
a=36, b=20, c=3 d=1

The diding mode gains are chosen as

k=6 and q=0.1.
Wetakeinitial values of the drive system (21) as

% (0) =20, x,(0) =-15, x,(0) =-14, x,(0) =12
Wetaketheinitial values of the response system (22) as

¥1(0) =5, %,(0) =25, %,(0) =6, %,(0) =30
Figure 2 illustrates the anti-synchronization of the hyperchagotic Lii systems (21) and (22).
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Figure 3 illustrates the time-history of the anti-synchronization errors €, €,,€;,€,.
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Figure 2. Anti-Synchronization of Identical Hyperchaotic LU Systems
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Figure 3. Time-History of the Anti-Synchronization Error

4. CONCLUSIONS

This paper studied the anti-synchronization problem of chaotic systems using SMC and derived
new results for the anti-synchronization for the identical hyperchaotic LU systems (2008).
MATLAB simulations have been shown to validate and demonstrate the new results for the anti-
synchronization of identical hyperchaotic L systems (2008).
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