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ABSTRACT

The objective of this paper to investigate the notion of complex fuzzy set in general view. In constraint to a
traditional fuzzy set, the membership function of the complex fuzzy set, the range from [0.1] extended to a
unit circle in the complex plane. In this article the comprehensive mathematical operations on the complex
fuzzy set are presented. The basic operation of complex fuzzy set such as union, intersection, complement
of complex fuzzy set and complex fuzzy relation are studied. Also vector aggregation and fuzzy relation
over the complex fuzzy set are discussed. Two novel operations of complement and projection for complex
fuzzy relation are introduced.
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1. INTRODUCTION

The notion of the fuzzy set was first introduced by Zadeh in a seminal paper in 1965 [7]. The
notion of the fuzzy set A on the universe of discourse U is the set of order pair {(x, na(x)), x € U}
with a membership function pa(x), taking the value on the interval [0,1]. Ramot et al [5],

extended the fuzzy set to complex fuzzy set with membership function,z= rseiw"(x)
wherei =+/—1, which ranges in the interval [0,1] to a unit circle. Ramot et al [4], also introduced
different fuzzy complex operations and relations, like union, intersection, complement etc., Still it
is necessary to determine the membership functions correctly, which will give the appropriate or
approximate result for real life applications. The membership function defined for the complex

fuzzy set z= I;eiw‘(x), which compromise an amplitude term ry(x) and phase term w, The
amplitude term retains the idea of “fuzziness” and phase term signifies declaration of complex
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fuzzy set, for which the second dimension of membership is required. The complex fuzzy set
allows extension of fuzzy logic that is i to continue with one dimension gradeness of membership.
Xin Fu et al [8] defined the fuzzy complex membership function of the form z=a+ib, where x, y
are two fuzzy numbers with membership function pa(x), Up(x) respectively. If b does not exist, z
degenerates to a fuzzy number.

inglx)

Figure 1.1. Fuzzy Complex Number

Xin Fu et al [8], also discussed a complex number in cartesian form where a= r,cos(x) and
b=r,sin(x), which are in polar forms defined in [4]. The fuzzy number is created by interpolating
complex number in the support of fuzzy set ([1], [2], [3][6]).

Complex fuzzy set is a unique framework over the advantage of traditional fuzzy set .The support
of complex fuzzy set is unrestricted, may include any kind of object such as number, name etc,
which is off course a complex number. The notion of T-norm and T-conorm are used through out
this paper [4].

1.1. Definition T-norm (Jang et al [4]).
Four of the most frequently used T-norm operators are
Minimum Tuin(a,b)=min(a,b)=aA b

Algebraic Product T,p(a,b)=ab.
Bounded product Typ(a,b)=0V (a+b-1)

a, ifb=1
Drastic product Tep(ab)=<b, ifa=1
0, ifab<l

With understanding that a and b are between 0 and 1.
1.2. Definition T-Conorm (Jang et al [4])

Corresponding to four T-norm operators in the previous definition we have the following four
T-conorm operators.

Maximum Siax(a,b)=max(a,b)=av b

Algebraic Sum S(a,b)=a+b-ab
Bounded product S(a,b)=1 A (a+b)
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a, ifb=0
Drastic product S(a,b)=4b, ifa=0
1, ifab>1

This paper is organized in the following order. The review of complex fuzzy set and operations
on it are discussed in section 2 and section 3 the complex fuzzy relation and operations are
mentioned on them. A novel idea to vector aggregation, complement of complex fuzzy relation
and projection of complex fuzzy relation are studied in section 4 followed by summary and
suggestion for future work are given in section 5.

2. CoMPLEX Fuzzy SET

2.1. Concept & Operations

Complex fuzzy set is the basis for complex fuzzy logic [7]. The formal definition of complex
fuzzy set was provided in [7] followed by a discussion and interpretation of the moral concept. In
addition, several set theoretic operations on complex fuzzy set were discussed with several
examples, which illustrate the potential applications of complex fuzzy set in information
processing.

2.2. Definition of Complex Fuzzy Set

A complex fuzzy set S, defined on a universe of discourse U, is characterized by a membership
function g/, (x), which can assign any element xe U as a complex valued grade of membership in

iwg (x)

S. The value of (x) lies in a unit circle in the complex plane and in the formz =r.e

wherei =+/—1 andr, € [0,1].

The complex fuzzy set S, may be defined as the set of order pair given by

S:{(x,,us(x)):xe U} (D

2.3. Complex Fuzzy Union
2.3.1. Definition ([6,7]).

In the traditional fuzzy logic, union for two fuzzy set A and B on U denoted as AUB is specified

by a function & , where 1 :[0,1]>< [0,1] - [0,1]. )

The membership function 4 4 g), may be defined as one of followings.

(i) Standard Union Mg (x) = max| u, (x), 4, (x)] 3)
(i) Algebraic Sum v (%)= p, (%) + g1 (%) = g2, (%) -4 (%) “)
(iii) Bound Sum Mg (x)=min[ 1 a2, (x)+ 2, (x)] (5)
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The fuzzy union must satisfy the definition 2.2 and is equivalent to the proposed T-Co norms [9].
2.3.2. Properties

The Complex fuzzy union is defined by a set of axioms. These axioms represent properties of
complex fuzzy union functions that must satisfy in order to intuitively acceptable values.

(a) Complex fuzzy union does not satisfy the closure property.

In the algebraic sum union function does not satisfy the closure property for complex fuzzy set,
which can be realized from the following example.

Example 2.3.1. u, (x)= My (x)=i
(€3) (x) (x) x ,, @ .
= Hap  THy tHy  —Hy My =1+20
It shows that the membership function lies outside of the unit circle. i.e. V1P 427 = \/g >].

(b) Complex Fuzzy union must be monotonic
Since complex number is not linearly order, monotonicity of the complex numbers is required.

Example 2.3.2. Supposeb <d = p(a,b) < t(a,d)using definition2.3.1 (2)

Similarly the max and min operators used in (3) & (5) are not applicable to complex valued
grades of membership. Here we can apply traditional fuzzy definition of union by keeping same
approach to complex part and different approach to phase may be defined in the following way.

2.3.3. Definition ([6, 7]).

Suppose A and B be two complex fuzzy set on U with complex valued membership
function /£, (x), My (x) respectively. Then complex fuzzy union AUB may be defined as

o ()= [ (5) @1, ()]t o

where @ represents the T-Conorm and W, , is defined as follows.

a) (Sum) W, , =W, +W, (®)
b) (Max ) W, , = max(W,,W,) )
c) (Min) W, _, =min(W, -W,) (10)
and
W, if r,>r,
d) (Winner takes all) W,,, =1 " f Ao (1D
W, if ry2r,

To illustrate the above, consider the following example.
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E) bl

-1 0 1

E} >

Example 2.3.3: Suppose 4 :{
-1 0 1

1e*° 04e™ 08 ei“’z} and B {0.2 g™ 03¢ 1e“‘/5}

On in in/S
Then AUB = le ,0'46 ’le
-1 0 1

Here the union operation is (1) of definition 2.3.1.

2.4. Fuzzy Complex Intersection

It should be noted that the derivation of fuzzy complex intersection closely related to complex
fuzzy union, which clear from the following definition.

2.4.1. Definition([6,7]). The intersection for two complex fuzzy set A and B on U defined as
AﬁB:[rA(x)*rB(x)] ¢ i) (12)

where * is denoted as T-norm.

Example 2.4.1. From the example 2.3.3, we can find the fuzzy intersection of the two complex
fuzzy sets A and B as follows.

i3n/4 i2n i5n/2
AmB:{O.Ze ’0.3e ,0.8e }

-1 0 1

Note: The fuzzy union and intersection are not unique, As this depend on the type of functions
used in T-Conorm and T-norms.

2.5. Complex Fuzzy Complement

We known that the complement of a fuzzy set A on U with membership function g, (x) is
defined as, (1— 4, (x) J) (13)

The similar concept can be applied to the complex fuzzy set. But it is not always true for some
cases. To illustrate this, consider the following example.

in

Example 2.5.1. Suppose the membership function of a complex fuzzy set is £, (x) =le

That is, g, (x)=le'” =1[cosz +isinz]=~1

So the complement of 4, (x)=1e'" is g (x)=1—(=1) =2, which is outside of the unit circle.

This is violating of the closure properties of Fuzzy complex number.

2.5.1. Definition ([6, 7]). Suppose A is a fuzzy set defined as U. The complex fuzzy
complement  for the fuzzy set A is  defined as(l—g,(x)), where

U, (x)= r, (x)[cos w, (x)+sinw, (x)] (14)

This form of complex fuzzy complement does not reduce to its traditional fuzzy logic,
ifw (x)=0. That s,
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when (x) =0, qM(X)) =[1—;;(x)] +1 which is again a complex number.

Hence we can write qM(X)) Zq’}(x))fic(w (15)

Consider the function C: [0, 1] — [0, 1], if g, (x) =C(u, (x)) then the equation (13) holds. So
we need |C.,us (x)| =C (I,us (x)D to satisfy the equation (13). This can be achieved by adding 7

tow, (x).
Hence the complement of w, (x) will bew, (x)+ 7 thatis C(x, (x))=Cu,(x)+7z. (16)

3. CoMPLEX FUzZzY RELATION

In this section, the complex fuzzy relation is introduced. Here discussion is limited to the relation
between two complex fuzzy set.

3.1. Definition (Complex Fuzzy Relation) ([10]): Let A and B be two complex fuzzy sets
defined on U. Then

Il'lA (.x): T, (x)‘eiw,q(.’()and /,[B (_X'): g (x)‘eiws(x)

are their corresponding membership values. We can say A < B if and only if both amplitude and
phase of A and B are A < Bthatisr, (x) < ry(x) and w, (x) < wy(x).

A complex fuzzy relation R (U, V) is a complex fuzzy subset of the product space U x V.
The relation R(U,V) is characterized by a complex membership function

Ue(x,y),xeU,yeV (17)
Where R(U,V) z{((x,y),,uR (x,y))|V(x,y)eUxV}

Here the membership function 1, (x, y) has the value within an unit circle in the complex plane

with the from gz, (x, y) = r(x, y)e™ ™)

iw(x,y)

where e is a periodic function defined as W(x, y) = w(x, y) +2km,k=0,£1, 2 (18)

3.2. Definition ([10])

Let X, Y and Z be three different Universes. Suppose A be a complex fuzzy relation defined from
X to Y and B be a complex fuzzy relation defined from Y to Z. Then composition of A and B
denoted on AoB is a complex fuzzy relation defined from X to Z which can be represented as
isup(inf(wA(x,y),wB(y,z))

).eiwA"B (x,2) — Sup lnf (rA (x’ y)’rB (y,Z))é’ vy (19)
Vy

Haop (x,z) = TaoB (X’Z
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3.3. Definition (Complex Fuzzy Union Relation) ([10])

Let A and B be two complex fuzzy relations defined on U x V. The corresponding membership
functions of A and B are defined as

w(x,y)=r(xy)e™ () and Wy (%, y)=71,(x,y)e™ () respectively.
The complex fuzzy union relation of A and B is defined as AUB by membership function
Hiop (x, y) where

Ly (x,9) =7 (6, y) ) = max (r, (x,y),r, (x,y)) . ™ Cale2)rs(eo) (20)
AUB( ) AUB( ) A B

where 7, ,(x,y) is a relation valued function on [0,1] and e+

defined in (18)

is a periodic function

3.4. Definition (Complex Fuzzy Intersection Relation) ([10])

Let A and B be two complex fuzzy sets defined on U x V with their corresponding membership
functions as

iwy (x.y iwg (x.y)

0, (x) =1, (xy) € and oy (x,) = 1y (x.5) e

respectively. The complex fuzzy intersection relation of A and B is defined as AnB by

membership function 4,5 (-xa y )

Where,uAmB (X, y) = rAmB (.X, y)'eiWA(\B(X,.y)

= min(r, (x,),7, (x,)).e' ™t 1)

(%.5)

Here r, ., (x, y) is a relation valued function on [0,1] and e'"***'*”is a periodic function.

4. VECTOR AGGREGATION FOR COMPLEX FUZZY SET:

It allows the aggregation of complex fuzzy set which incorporate phase consideration.
4.1. Definition (Vector Aggregation) ([7])

Suppose Cy, C;...... C, be complex fuzzy sets on U. The vector aggregation of C;, C,...... C,
may be defined by a function v as

v:{a:ae C,|a| Sl}" —>{b:be C,|b| Sl} forall xe U, vis given by

10 (x) = v (1 (1) S (2)-orn ﬂA,,(x))=§wi (%) 22)

where w, € {a |ae C, a| <1} for all i andZn:|wl.| =1
c=1

Note: In Complex vector aggregation, the amplitude of the sum may reduce to individual
amplitude.
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4.2. Definition (Complement of Complex Fuzzy Relation)

In traditional fuzzy set, the complement of a relation R denoted as R defined by

U (x,y)=1—ty(x,y),Vx,ye UxV (23)

Suppose the complex fuzzy relation R is defined as UXV with membership
function /4, (x, y) = r(x, y).e

iw(x,y)

. Then the complement of (x, y) is given by

Clute(x,y)) = [1=r(x, y).cos w(x, y)l+ill - rlx, y)sin w(x,y)] 24
And it should satisfy the periodic function defined in (16).

4.3. Definition (Projection of a Complex Fuzzy Relation)

Consider complex fuzzy relation R defined on U XV

where Rz{(x,y),,uR(x,y)}.‘v’xe U,Vxe V

i.  The 1¥ projection of R is defined as

RY ={(x.20 (e )} = {{ o max  (x ) () 0 V]

i max 4(xy)
= (x,max r(x,y)e J (25)
y

ii.  The 2" project is defined as

R ={x, 1,7 (x,y)} = {y, max r(x, y)eimfxﬂ(x’y)} (26)
iii.  The total projection
R" =max max{u, (x,y)|(x.y)e (UxV)] 27)
X y

In the above, max means maximum with respect to y while x is to be considered as fixed
N

and max maximum with respect to x while y is to be considered fixed. The projection

X

determines the maximal boundary of the complex fuzzy sets in a complex fuzzy relation,

Example 4.1. Consider the following complex fuzzy relation.

0.6611.275 O.6eil.2n 0.6ei1.2n 0.561”
0.6e"*™ 0.8¢" 0.8e!" (.5¢!"
0.6 1.0e"™ 0.8¢"™ 0.5¢"
0.6 0.8¢"" 0.8e"™ 0.5¢™
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. . . . T
So by the definition 4.3, RV=( (0.6¢">* 0.8¢" 1.0e™ 0.8¢"*) ,

. . ) . \T .
R@= (0.66”'2’r 1.0e™ 0.8e'"" 0.561") and RP= 1.0¢'*”. Which shows that the

maximum boundary of the given fuzzy complex relation is 1.0¢'*" . So the projection determines
the maximal boundary of the complex fuzzy sets in a complex fuzzy relation,

5. CONCLUSION

The work presented in this paper is the novel frame work of complex fuzzy relation. In this paper
the various properties and operation of complex fuzzy set as well as complex fuzzy relation are
investigated. We also presented the complement of complex fuzzy relation as well as the
projection of complex fuzzy relation is presented. A further study is required to implement these
notions in real life applications such as knowledge representation and information retrieval in a
Complex plan corresponding of two variables which is not suitable for traditional fuzzy logic.
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