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ABSTRACT

The two most important parameters to be considered while designing an OFDM based communication
system are phase noise and carrier frequency offset (CFO). It has been observed that the OFDM systems
are very sensitive to phase noise and CFO, and an accurate prediction of the tolerable values of these
parameters can help the system to relax the specifications. This paper analyses the performance of
OFDM systems in the presence of phase noise and carrier frequency offset. Results clearly show the
SINR penalty in the OFDM system due to phase noise and CFO.
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1. INTRODUCTION TO ORTHOGONAL FREQUENCY DIVISION
MULTIPLEXING (OFDM)

With the growing demand of high speed internet, extensive research has been carried out to
develop systems which can combat multipath effects. OFDM (Orthogonal Frequency Division
Multiplexing) has been developed to combat this effect and make better use of the system. It
has been adopted for Digital Video Terrestrial Broadcasting (DVB) and for the European
Digital Audio Broadcasting (DAB) standards.

Phase noise is an important parameter that should be carefully considered while dealing with
any of the above communication systems because an accurate prediction of the tolerable phase
noise can allow the system to relax specifications. This is an important point to be considered in
OFDM communication systems with frequencies above 25 GHz, as suggested in some
European ACTS projects dealing with LMDS (Local-Multipoint Distribution Systems) [1]. The
effect of phase noise in OFDM and the degradation caused by it have been analyzed by several
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authors [2]-[5].

Carrier frequency offset (CFO) exist between user terminals and the base station because of the
Doppler effect and precision limitation of oscillators. OFDM systems are very sensitive to CFO
[6], which leads to performance degradation by introducing inter-carrier-interference (ICI) [7].
The purpose of this paper is to analyze the performance of an OFDM wireless communication
system in the combined effect of phase noise and carrier frequency offset in Rayleigh fading
environment.

One of the best ways to mitigate the effect of multipath is to use orthogonal frequency division
multiplexing communication systems. The delay spread is of some microseconds for the
reception purposes in built up regions. The channel is highly frequency selective and
sophisticated equalization techniques are required to achieve high bit rate transmissions.
However, a combination of OFDM and coding associated with interleaving in the frequency
domain (COFDM) can take advantage from the diversity associated to multipath [8].

In an OFDM system the spectrum associated to each elemental data is a small portion of the
total bandwidth (B), which is divided in N sub-channels. Each of them is modulated with one
information symbol and they are all multiplexed in frequency. If T represents the OFDM
symbol duration, that is: T=N/B, the N sub-carriers are placed in the frequencies:

fe=fo+z, k=01..N—1 ().
The different sub-channels are allowed to overlap so as to increase the bandwidth efficiency.

Unfortunately OFDM is very much sensitive to the synchronization errors such as Carrier
Frequency Offset (CFO) and phase noise or timing jitter.
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Fig. 1 OFDM system model (receiver) in the presence of CFO, phase noise and timing jitter
over Rayleigh fading channel.
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The OFDM system model is shown in Fig. 1[9]. Here, the input is considered to be passed

through a Rayleigh fading environment and then additive white Gaussian noise is added to it.
After the addition of AWGN, phase noise is incorporated to the system and there after timing
jitter. The signal is then passed through serial to parallel converter; and cyclic prefix is removed
after this. Finally the signal undergoes Discrete Fourier Transformation, parallel to serial
conversion and a demodulation process. Following equation gives the N point complex
modulation sequence transmitted by OFDM signal for the m*"*symbol:

N-1
() = Y X (k)N @)

where n ranges from0Oto N + Ny — 1.
After passing this signal through a Rayleigh fading channel and then through the local
oscillator, the received signal impaired by AWGN and phase noise can be modeled as:

N-1
2T i
Ym) = | > Xm<k>Hm<k>eW"”‘”] eI®m™ 1w, (n) 3
k=0
or,
Ym(n) = sy (n)e/*m™ 4w, (n) 4)
where,
N-1

2T
Sm(1) = ) Xy (k) i (k) €/
k=0

In (3) H,, (k) is the transfer function of the Rayleigh fading channel at the frequency of the k"
carrier and w,,, (n) is the complex envelope of AWGN with zero mean and variance g2.
Assuming @, (n) is small so that:

e/Pm(M =1 + jo,, (n) 5).
Substituting (5) into (4) we get:

Ym(M) = sp(n) + 55, (M) j Py (1) + Wiy () (6).
After DFT and by dropping the subscript ‘m’ (6) yields

Y(k) =S(k) +S(k)®jo(k) + W (k) @)

where S(k), ®(k) and W(k) are the DFT responses of s,,(n), ®,,(n) and w,,(n) respectively
and ® denotes the circular convolution operation.

2. PHASE NOISE

Phase noise effects which are introduced by the local oscillator in any receiver can only be
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removed by improving the performance of the oscillator itself. Therefore the determination of
how much phase noise a receiver can withstand while maintaining the required performance is
of utmost importance. Phase noise can generally be seen as a parasitic phase modulation in the
oscillator’s signal, which ideally would be a unique carrier with constant amplitude and
frequency. For simulation purposes it has been modeled as a phase modulation of the carrier.

2.1. Phase Noise in OFDM

A theoretical analysis of phase noise effects in OFDM signals is carried out by many authors.
The complex envelope of the transmitted OFDM signal for a given OFDM symbol, sampled
with sampling frequency f; = B, is:

Nt 2T

x(n) = z sk.e]Wkn (8)

k=0
where n=0, 1, ..., N-1.
This symbol is actually extended with a Time Guard in order to cope with multipath delay
spread. We will not consider this prefix since it is eliminated in the receiver for the sake of
simplicity. Assuming that the channel is flat, the signal is only affected by phase noise at the
receiver:

r(n) = x(n). e/, ).

The received signal is a Orthogonal Frequency Division De multiplexed (OFDD) signal by
means of a Discrete Fourier Transform. For the purpose of separating the signal and noise
terms, let us suppose that ®(n) is small, so that:

eJ®M ~ 1 + jo(n). (10).
In this case, the de multiplexed signal is:
. (2T
y(k) ~ sy + L ENE s, TNZ3 o). e (R)THom (11).
y(k) = s + ey (12).

Thus we have an error term e, for each sub-carrier and which results from some combination
of all of them and is added to the useful signal. The signal to noise ratio degradation (degrsyg)
caused by phase noise is the same in OFDM and signal carrier systems, given that phase noise
variance is small (62 « 1) it follows the expression [10] :

degrgyr = 10.log (1 + o2 5—2) dB. (13).

In this equation Ej represents the symbol energy and N, is the power spectral density of
additive white Gaussian noise. The most common way to characterize oscillator’s phase noise
is the single-side-band phase noise power density function L(f,,), which represents the ratio (in
dBc; ‘c’ stands for carrier) between the single-side-band noise power in a 1 Hz bandwidth at a
distance f,, from the carrier and the carrier power [11].

This characterization is normally performed by using a spectrum analyzer which provides the
power spectral density of the equipment’s phase noise ( Nyp) in relation to the carrier power
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(C). From these measurements, given that the phase noise has a zero mean as we have assumed
and it extends up to a frequency b (either because phase noise is band-limited or due to the
presence of filtering in the receiver), its variance can be found as [11]:

_ [P 2Ng,
az_fo( c )df. (14).

3. CARRIER FREQUENCY OFFSET (CFO) IN OFDM

The absolute value of the actual CFO f , is either an integer multiple or a fraction of A f , or
the sum of them. If f is normalized to the subcarrier spacing A f , then the resulting
normalized CFO of the channel can be generally expressed as:

= ALf =0+c¢ (15)
where 6 is an integer and |e€| < 0.5 .The influence of an integer CFO on OFDM system[12] is
different from the influence of a fractional CFO. In the event that 6#0 and &=0, symbols
transmitted on a certain subcarrier, e.g., subcarrier k, will shift to another subcarrier kg , ks =
k + 6 mod N — 1. As the ICI effect is focussed, normalized CFO is considered,

_f _
= A_f =
Since no ICI is caused by an integer CFO, relative CFO (g) to assumed to be a Gaussian

€ (16).

process, statistically independent of the input signal, with zero mean and variance 2.

4. FORMULATION FOR SINR AND SIMULATION PARAMETERS

In the presence of CFO, phase noise, timing jitter and Rayleigh fading the OFDM system
performance can be given by the following SINR expression [13]:

Yma? (1 — &){sinc®(n)}
1+ ya?(1 —§)[0.5947(sinm)2 + {%sincz(n) yN-i

SINR(,0%,&,a) = n

in2(&r
sin (N)

}] + yinazf

;11 <0.5,[€] < 1. (17)

where B is the normalized CFO, o2 is the variance of phase noise, & denotes timing jitter and a
corresponds to the channel attenuation/gain parameter in Rayleigh fading environment. y;;, is the
input SNR, N is the number of sub-carriers in the channel. Therefore the SINR expression in the
presence of phase noise and CFO without timing jitter and considering a non-fading environment
(a=1) can be expressed as:
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Vin{sinc?(m)}

SINR(,02) = —
1+ ¥1n[0.5947(sinm)? + {7, sinc? () yN-i

1
sinZ(%)}]
;11 <05 (18).
It can be seen that in the presence of CFO and phase noise the SINR expression in (18) is a
function of these two parameters as well as other critical system parameters. Table 1 shows the
system and channel parameters considered for the simulation.

Table 1. System and channel parameters for simulation

Number of sub carriers (N) 64
Channel type Rayleigh fading channel
Input SNR values 10,15,20,25 dB.
Channel attenuation/gain parameter Ideal(1)

5. RESULTS AND DISCUSSION

Simulation has been carried out using MATLAB. Figure 2, 3 and 4 show the plot of SINR
versus normalized CFO for various values of variance of phase noise (62). Results are plotted
for different values of input SNR (y;) of 10 dB, 15 dB, 20 dB and 25 dB. It can be seen from
Figures 2, 3 and 4 that as the variance of phase noise increases the value of SINR decreases. In
the Figure 2 for an input SNR of 10 dB and variance of phase noise of 0.015, the initial SINR is
10 dB and then gradually decreases. The observations are similar for all SNR values. Similarly,
Figure 3 shows SINR vs. normalized CFO for an input SNR of 10 dB and variance of phase
noise of 0.33, the SINR is initially -1 dB and decreases gradually. Figure 4 shows that for
variance of phase noise of 1.33 and input SNR being 10 dB the SINR starts at -12.8 dB and
then decreases as normalized CFO increases. The nature of the variations are same for all input
SNR values. But the SINR value decreases when the variance of phase noise increases.
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Fig. 2 SINR versus normalized CFO (variance of phase noise=0.015)

Garph of SINR vs normalized CFO for variance of phase noise=0.33
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Fig. 3 SINR versus normalized CFO (variance of phase noise=0.33)
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Garph of SINR vs normalized CFO for variance of phase noise=1.33
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Fig. 4 SINR versus normalized CFO (variance of phase noise=1.33)

Figures 5, 6, 7, 8, 9 and 10 show the variation of SINR with variance of phase noise (¢:2) for
various values of normalized CFO of 0.05, 0.1, 0.15, 0.20, 0.25 and 0.30. The results are
plotted for values of input SNR (y;) of 10 dB, 15 dB, 20 dB and 25 dB. From Figures 5, 6, 7, 8,
9 and 10 it can be seen that as the value of normalized CFO increases the SINR value
decreases. For an input SNR of 10 dB and normalized CFO of 0.05, 0.1, 0.15, 0.2, 0.25 and 0.3,
the initial values of SINR are 9, 6.5, 3, -1.5, -7.9, -21.25 dB respectively, which shows a

gradual decrement.
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Graph of SINR vs variance of phase noise for value of CFO=0.05
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Fig. 5 SINR versus variance of phase noise (normalized CFO=0.05)

Graph of SINR vs variance of phase noise for value of CFO=0.1
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Fig. 6 SINR versus variance of phase noise (normalized CFO=0.1)
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Graph of SINR vs variance of phase noise for value of CFO=0.15
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Fig. 7 SINR versus variance of phase noise (normalized CFO=0.15)

Graph of SINR vs variance of phase noise for value of CFO=0.2
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Fig. 8 SINR versus variance of phase noise (normalized CFO=0.2)
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Graph of SINR vs variance of phase noise for value of CFO=0.25
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Fig. 9 SINR versus variance of phase noise (normalized CFO=0.25)

Graph of SINR vs variance of phase noise for value of CFO=0.3
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Fig. 10 SINR versus variance of phase noise (normalized CFO=0.3)

Results show that for different input SNR and for a fixed value of one of the synchronization
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errors (normalized CFO/variance of phase noise), SINR of the system undergoes penalty as the
other error is increased.

6. CONCLUSIONS

In this paper, performance evaluation of an OFDM communication system is done by taking
normalized CFO and variance of phase noise under consideration over Rayleigh fading
channel. Simulation results show that for a particular value of variance of phase noise, SINR
reduces as value of normalized CFO increases. Similarly, the SINR is reduced as variance of
phase noise is increased for fixed normalized CFO. Hence it can be seen that OFDM system
undergoes severe SINR penalty under the influence of synchronization errors. It is shown by
analysis that the system performance also depends on several critical parameters such as
number of subcarriers, input SNR and the fading characteristics of the channel. Further
investigation can be carried out in this field by taking other important parameters into
consideration, which are responsible for degrading the performance of OFDM communication
system.
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